ON SOME ARITHMETIC PROPERTIES OF AUTOMORPHIC FORMS OF 
GLm OVER A DIVISION ALGEBRA 

H. GROBNER AND A. RAGHURAM 

Abstract. In this paper we investigate arithmetic properties of automorphic forms on the group G' = 
GLm/D, for a central division-algebra D over an arbitrary number field F. The results of this article are 
generalizations of results in the split case, i.e., D = F, hy Shimura, Harder, Waldspurger and Clozel for 
square-integrable automorphic forms and also by Franke and Franke-Schwermer for general automorphic 
representations. We also compare our theorems on automorphic forms of the group G' to statements 
C 2 ^ ■ on automorphic forms of its split form using the global Jacquet-Langlands correspondence developed by 

' Badulescu and Badulescu-Renard. Beside that we prove that the local version of the Jacquet-Langlands 

^ ' transfer at an archimedean place preserves the property of being cohomological. 
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1. Introduction and statements of results 

' Let _D be a central division algebra of index d over a number field F. The group G' = GLm/D of invertible 

m X m - matrices with entries in D defines a connected, reductive group over F and is an inner form of the 
split general linear group G = GLn/F, n = dm. In the split case, i.e., ii D ~ F, many important results 
on the arithmetic theory of automorphic forms are known due to several people. Within the scope of the 
present paper, for cusp forms one should particularly mention the work of Shimura [35J for n = 2 and F 
totally real. Harder and Waldspurger [41j for n = 2 and any F, Clozel [8J for general n and F; and for 
^ ' general automorphic forms of the group G we mention Franke |11J and Franke-Schwermer [T^- In [IT] one 

■ - - may also find results in the very special non-split case m = 1 and d = 2. 

The main aim of this article is to study the arithmetic of automorphic forms on G' and to generalize some 
of the results of the above mentioned people to the case of GLm/D for a general m and a general D. 
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For a central division algebra D over F and m > 1, Badulescu [Ij and Badulescu-Renard [2] have re- 
cently proved the existence of the global Jacquet-Langlands transfer JL from discrete series automorphic 
representations of G"(A) to discrete series automorphic representations of G(A). This establishes a special 
instance of Langlands functoriality and forms an important instrument for the analysis of arithmetic prop- 
erties of square-integrable automorphic forms of G'(A). We also explicitly describe the interplay of the local 
Jacquet-Langlands transfer and cohomology. 

Our first theorem, which is of an arithmetic nature, deals with the notion of a regular algebraic repre- 
sentation of G"(A). In the split case, i.e., D = F, Clozel gave a definition of a representation being regular 
algebraic: A discrete series automorphic representation 11 of G(A) is called algebraic, if each of the irreducible 
representations in the archimedean part IIoo corresponds via the local Langlands parametrization to a sum of 
n algebraic characters of C*. An algebraic representation H is furthermore called regular, if the infinitesimal 
character of Hoc is regular. It easily follows from Clozel |[8J that a cuspidal automorphic representation 11 
is regular algebraic if and only if Hoc is essentially tempered and cohomological with respect to a certain 
coefficient system E'p,. 

In this paper we extend Clozel's notion as follows: We call a discrete series automorphic representation 
n' — H'^ (g) n'y of G'(A) algebraic (resp., regular algebraic) if its global Jacquet-Langlands transfer 11 = 
Ji(n') is. With this definition we prove the following generalization of Clozel's result, cf. Thm. [6791 

Theorem 1.1. Let II' be a discrete series automorphic representation o/G'(A) and assume that JL{Il') is 
cuspidal. Then the following are equivalent: 

(i) n' is regular algebraic. 

(ii) is cohomological and essentially tempered. 

Furthermore, the implication (ii)=J>(i) does not seem to need the assumption that JL{Il') is cuspidal. See 
Remark 16.101 In contrast, the implication (i)=>(ii) may fail without assuming JL(n') is cuspidal, cf. Ex. 

im 

Given our definition of an algebraic representation, we also generalize Clozel's "Lemme de purete" to the 
case of G', cf. Lem. I5TT^ 

Lemma 1.2 (Purity Lemma for G'). // 11' is an algebraic representation o/G'(A) and JL(n') cuspidal, 
then there is a w Z, such that for all archimedean places v, the algebraic characters of C* associated to 

JL{Il')y \ ■ are of the form z i— > z'^{z)'^ with p + q = w. 

Again, we give an example that the cuspidality assumption on JL(n') cannot be removed from the 
statement of the lemma, see Ex. 16.131 

Next, we analyze the interplay of cohomological automorphic forms of G'(A) and the action of Aut(C). 
Following Waldspurger jJT] and Clozel [8j, for any group representation ly and a £ Aut(C), there is the 
(T-twisted representation "^v := v (g) Ca—i- In particular, this definition applies to the finite part 11^ of an 
automorphic representation 11 of G'(A). The action of cr e Aut(C) on the highest weight module i?^ is via 
its permutation action on the embeddings of F into C. (See, for example, Raghuram-Shahidi [221 Sections 
3.1 and 3.3].) Now, let 

Sg' = G'{F)\G'{A)/K'^, 

where K'^ is the topological connected component of the product of the center of G^ and a maximal 
compact subgroup of G'^ . A finite-dimensional highest weight module i?^ defines a sheaf on Sg' ■ The 
corresponding sheaf cohomology H'^{Sg' can be computed using Betti-cohomology and hence for any 
a G Aut(C), there is a ct- linear isomorphism 

a* ■.H'^{Sg',£^.)^H'^{Sg','£^). 

On the other hand, H'^{Sg' ,£fj.) is isomorphic to the (g'^^, if^)-cohomology of the space of automorphic 
forms on G'(A), which follows from Franke [IT], and inherits from that a decomposition of G'(A/)-modules 

{P'} Vp' 
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cf. [12] and [27] ■ Here, the sums are ranging over the associate classes of parabohc F-subgroups {P'} of 
G" and attached associate classes of cuspidal automorphic representations ippi of the corresponding Levi 
subgroup L' . In particular, the summand indexed by {G'} gives the cohomology of the space of cuspidal 
automorphic forms of G'(A), which is usually called the cuspidal cohomology of G". 

We prove the following result, cf. Thm. \77I^ which says that for regular highest weights, a* respects this 
fine decomposition into cuspidal supports. 

Theorem 1.3. Let be a regular highest weight representation of G'^ and a G Aut(C). For each associate 
class of parabolic F -subgroups {P'}, and each associate class of cuspidal automorphic representations fp', 
the summand H^^piy ^ ^{G',E^) of the global cohomology group H'^^ScSfj.), is mapped by a* isomorphically 
onto the summand H^^pi^^ of H'^{Sg' for a unique associate class "^(fp': 

Hip.},,,, (C, E,) f-^ Hl^'},^^^ (G', ^E,). 

If H^pi-y ^ ^ (G' , E^) ^ and a representative P' in the associate class {P'} has Levi factor L' and ippi is 
represented by a cuspidal automorphic representation 11' of L'{K), then li' ®ppi is cohomological. The a-twist 
"^IIj ®'^Pp'^ of its finite part is the finite part of a unique cohomological cuspidal automorphic representation 

S' and the associate class '^ippi is uniquely determined by the representation S' ® Ppl- 

Under the assumption of the regularity of E^^, this theorem is a generalization of the analogous result 
of Franke-Schwermer [12] in the split case, D — F. In this setup, it is also a simultaneous generaliza- 
tion of Franke's [11] Theorem 20] on the compatibility of a* with the {P}-decomposition and Clozel's [5] 
Theorem 3.13], which states that the cr-twist '^11/ of the finite part of a cohomological cuspidal automorphic 
representations 11 of G(A) is the finite part of a cohomological, cuspidal automorphic representation. 

If we consider the action of Aut(C) on a regular algebraic representation and ask whether it is compatible 
with the global Jacquet-Langlands transfer JL, then we obtain the following result, cf. Thm. 17.271 

Theorem 1.4. Let 11' be a regular algebraic representation o/G'(A) and assume that JL(n') is cuspidal. 
Then for all a G Aut(C), '^IIj is the finite part of a representation S' which is regular algebraic and JL[^') 
is cuspidal. 

In the final section we also prove some arithmetic results on the rationality field 

Q(n'^) = {z G C I cr(z) = z Vcr G Aut(C) for which "Tl'f ^ H}} 

of the finite part of a cuspidal automorphic representation 11' of G' (A) which is regular algebraic and lifts to 
a cuspidal automorphic representation JL(n'). At infinity, define Q(/Lt) as the fixed-field in C of the group 
of automorphisms of C which fix a highest weight representation E^^ with respect to which 11'^^ has non- 
zero (fl'oo, A'^)-cohomology. Now, let the field Q(n') be the compositum of Q_{p) and Q(n|^). The following 
theorem, contained in Thm. 18.11 Thm. 18.61 and Prop. 18.71 generalizes the analogous results in the split case 
as well as Waldspurger's corresponding theorems for d = 2 and to = 1. 

Theorem 1.5. Let 11' be a regular algebraic representation of G'{A) such that JL(n') is cuspidal. Then 
Q(n') is a number field and 11^ admits a G' {A f) -invariant -structure. In particular, Il'y is defined over 

a number field. Further, there is the equality of fields 

Q(n^) = Q(jL(n^)). 

The above results on the nature of regular algebraic representations of G' (A) suggest the following scholion 
to us. 

Scholion. Assuming the cuspidality of JL{J\') - and not ofH' itself - is the appropriate setup to generalize 
statements on the arithmetic properties of cuspidal automorphic representations from GLn/ F to its inner 
forms. 

In view of this Scholion we may generalize Clozel's |8t Conjectures 3.7 and 3.8] as: 
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Conjecture 1.6. Let 11' be a discrete series automorphic representation of G'(A) such that JL(Il') is 
cuspidal. Then the following are equivalent: 

(i) n'j: is defined over a number field. 

(ii) n' is algebraic. 

Beside the above theorems on the arithmetic properties of automorphic forms of G"(A), we also prove 
in Sections m and [S] a number of purely representation-theoretical results on GLk{M) and GL„(M), n — 2k. 
To begin, we describe an explicit classification of the cohomological irreducible, unitary dual of GLk(S) 
and GL„(]R), n = 2/c > 2, following Vogan-Zuckerman This is contained in Thm. Holland Thm. 14.121 
which describe the set of all cohomological, irreducible, unitary (A)-modules of GLfe(H) and GL„(]R) with 
respect to any finite-dimensional coefficient system very concretely in terms of certain ordered partitions 
of k and n. The weight A depends on the weight fj, as in Definition 14. 131 below. (This classification is also in 
accordance with the results of Speh, cf. [36].) Having parameterized the cohomological irreducible, unitary 
dual Coh^(GLfc(IHI)) of GLfc(IHI) and Cohp(GL„(R)) of Gi„(R) with respect to E'^ by such partitions, we 
then prove the following theorem, cf. Thm. 15.21 

Theorem 1.7. At a non-split archimedean place v of F, the local Jacquet-Langlands transfer \LJ\t,, con- 
structed by Badulescu-^Renard, defines a surjective map 

Coh^(GL„(R)) Coh,,(Gifc(H)) 

given explicitly by 

\LJ\^{A^JX) ® sgn') = Aq^(A). 

Here n (resp., k) stands for the partition n — X]I=o (resp., k — X]r=o ^i) ""^i — 2^i, < i < r and 
ki > for 1 < i < r. 

Moreover, \LJ\^ maps tempered cohomological representations to tempered cohomological representations. 

Using the parametrization by ordered partitions, it is an easy exercise to determine the fibers of \LJ\y 
over a given Aq'(A)-module. This theorem fits very well with the interplay of cohomological automorphic 
representations with Langlands functoriality as discussed in Raghuram-Shahidi in ^28i Section 5.2]. 

Acknowledgements: A.R. thanks David Vogan for some email correspondence in 2003 concerning representations of 
GLm(_D) with cohomology which was the genesis of this project. However, at that time the generalized Jacquet- 
Langlands correspondence was still not proved and one had to wait for Badulescu's theorems. This project really got 
started when both the authors met at the Erwin Schrodinger Institute (ESI) in Vienna in February 2009. Both H.G. 
and A.R. thank ESI, and also the Max-Planck Institut fiir Mathematik for their hospitality during the time when 
the final version of this paper was written. H.G. also thanks the Department of Mathematics of the Oklahoma State 
University where much of this work was done. 

2. The general linear group and its inner forms 

2.1. Generalities on division algebras. Let be a number field whose set of all places is denoted 
V = Voo U Vf , where as usual Voo is the subset of archimedean places and Vf the subset of non-archimedean 
places. The local completion of F at a place v G V is written Fy. 

Let £> be a central division-algebra over F of index d, i.e., = diuip D. The local algebras Dy — D(E)pFy 
are central simple algebras over F„ and hence isomorphic to a matrix algebra Mr„(A„), for some integer 
r„ > 1 and a central division algebra Ay over Fy. The algebra D is said to be split at v ii Ay = Fy and 
non-split at v otherwise, i.e.. Ay is not a field. The set of non-split places is finite. Analogous to the global 
situation, let dy be the index of Dy, i.e., dy = dim^?^ Ay. Then rydy = d for all v. If w G Voo is real then 
dy £ {1, 2}, i.e., = R or H and Dy = Md{M.) if v is split and M^/2(H) is v is non-split (in which case d is 
even). Given any m > 1 we set n := dm and k :— n/2. 
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2.2. The groups G' and G. The determinant det' of an m x m-matrix X G Mm{D), m > 1, is the 
generahzation of the reduced norm to matrices: dct'(X) := dct(ip(X ® 1)), for some isomorphism ip : 
Mm{D) ®F Q — >■ Af„(Q). It is independent of f and is an F-rational polynomial in the coordinates of the 
entries of X. So the group 

G'{F) = {Xe M„(D)|det'(X) ^ 0} 
defines an algebraic group GL'^ over F. It is reductive and is an inner F-form of the split group G := GLn/F. 
At a real place v G Voo we hence obtain G'(IR) = GL„(R) if v is split and (j'(IR) = GLfc(IHI) if v is not split. 
We use the notation := G'{Fy) and G^ ■= G{F,,) for v G V and sot as usual G'^ := HveVoo ''^^P-' 
Goo := n,;(EVoo • algebras of Lie groups are denoted by the same but gothic letter, e.g. = Lie{Gy), 

Qao = Lie{Goo)- 

2.3. Finite-dimensional representations. We fix once and for all a maximal F-split torus T in G. The 
group Too — ritieVoo — IlDey^ ^(-^u) is then a Cartan subgroup of Goo- Fixing the set of dominant 
algebraic characters X+(Toc) of Too hi the usual way, gives us that a tuple /i = {p.v)vev^ G X^{Tao) can 
be identified with an equivalence class of irreducible, algebraic, finite-dimensional representations of Goo 
(on complex vector spaces) via the highest weight correspondence. It is clear that any such representation 

factors into irreducible representations E^ = {^^gy , where E^^ is the irreducible representation 
of Gy of highest weight If v is real, then /i„ = (/LI^,i, ■■■,Hy,n) with iiy^i > ... > fjLy^n and fXy^i e Z, for 
1 < i < n; and if v is complex, corresponding to the complex embeddings {l, 1} of F, then /x„ is given by a 
pair , /it^ ) of n-tuples of the above form. A representation E^ is called essentially self-dual if all its local 
factors are, i.e., if for all v G V^o there \s a Wy € 'L such that = EJ^^ (g) det""". At a real place this 
reads as 

A*u,i + lJ'v,n-i+i =Wy, 1 <i<n 

and at a complex place this means 

Mi:„,i + Mt„,n-i+l =Wv, 1 <i <n. 

It is called self-dual if Wy = 0, i.e., = EJ^^. 

As G'oo is a real inner form of Goo the notion of highest weights and irreducible finite-dimensional rep- 
resentations is defined via the passage to the split form Goo- That means that we say at a non-split place 
V € Voo an irreducible finite-dimensional representation E[, of G'y is of highest weight n'y, if the complexi- 
fied representation Ey of 0^ (8> C = bI„(C) is. We hence drop the prime for such representations and write 
simply E[j = E^^ . Then, everything said above on representations of Gqo also applies to irreducible finite- 
dimensional complex representations F^ = 0„gy_^ of G^ without changes (only adopting the notation 
of det to det'). A highest weight representation F^ is called regular, if /i lies in the interior of the domi- 
nant Weyl chanber of G^ . The smallest algebraically integral element in the interior of the dominant Weyl 
chamber of G'o^ and Gqo is given by p = {pv)yeVo^ with p„ = (^^^, — ^^) for all real places v G Voo 

(resp. the pair p„ = {p,^,pij, p,^ = Pr„ = -^), if v is complex). 

2.4. (g'^, i<r^)-cohomology. Let Z'/F be the center of the algebraic group G'/F and denote Z'^ = 

Y[y£v ^'v ^ nuev Z'{Fy). At an archimedcan place v G Voc we let K[, be the product of a maximal 
compact subgroup of the real Lie group G'„ and Z[,. Explicitly, we get 

{Sp(k)W* if V non-split 
0(n)R* if V split and real 
U{n)'C* if V complex, 

and define K'^ = Wy^y^ K^. Analogously, we set i^oo = Hveyo^ where Ky := at split places and 
Ky := 0(n)IR* at non-split places. By K'^ (resp., K^) we denote the topological connected component of 
the identity within K'^ (resp., Koo)- Hence, locally 

{Sp{k)R+ if V non-split 
50(71)1^+ if V split and real 
U{n)C* if w complex. 
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We assume familiarity with the basic facts and notions concerning {q'^, K'^)-modu\es (and {goo,K^)- 
modules), to be found in the book of Borel-Wallach [7], 0, I. AU Lie-group representations = (^^gy 
of G'^ appearing in this paper define a if^)-module and hence (g^, i^^°)-modules, which we shall all 
denote by the same letter as the original Lie group representation. In particular, this applies to a highest 
weight representation i?^ = ^^^v■ If furthermore, U'^ = ^^gy ^'v is any (gj^, ii'^^)- module, then 

we denote by 

its space of (g'^, if^)-cohomology (in degree q), cf. [7J, 1.5. A module H'^ is called cohomological, if there is 
a highest weight representation as in Section [^31 such that H'^{g'^, K'^, 11'^ (8> ii^^ ) 7^ for some degree 
q. It is a basic fact that these cohomology groups obey the Kiinneth-rule, i.e.. 

Hence, IIJ^ is cohomological, if and only if all its local components 11^ are, i.e., they have non- vanishing 
(g^, i4r^°)-cohomology with respect to some local highest weight representation E^^. 

3. Generalities on automorphic representations of G'(A) 

3.1. We call an irreducible sub-quotient H' of the space ^(G"(F)\G"(A)) of automorphic forms an auto- 
morphic representation of G'(A) (although H' is strictly speaking not a G"(A)-module), cf. the article of 
Borel-Jacquet [5J 3-4. Let R_|_ be the multiplicative group of positive real numbers, viewed as a subgroup 

M+ ^ G'(A) 

by embedding it diagonally into G'^. The quotient ]R+G'(F)\G'(A) has finite volume (with respect to the 
usual quotient measure) and it therefore makes sense to talk about subspaces of square-integrable auto- 
morphic forms in A{M.+G' {F)\G' (A)) . Now, recall that by its very definition, every automorphic form is 
annihilated by some power of an ideal J" of finite codimension in the center of the universal enveloping 
algebra of g^ = g'^ igjR C. Let us fix such an ideal J' and denote by 

AjiG') c ^(R+G'(F)\G'(A)) 

the G' (A)-submodule consisting of those automorphic forms which are annihilated by some power of J". 

For later use, we will now recall a fine decomposition of the latter space Aj{G')^ which was developed by 
Franke-Schwermer in [H] Thm. 1.4 and also in a similar way by Moeglin-Waldspurger in [^7] III, Thm. 2.6., 
taking into account the so-called parabolic support and the cuspidal support of an automorphic representation. 
As a first step, Aj{G') can be decomposed as a G'(A)-module into a finite direct sum, cf. [T2] 1.1.(4), 

(3.1) ^j(G') = 0^j,{P'}(G'), 

{P'} 

ranging over the set of all associate classes {P'} of a parabolic i^-subgroup P' of G'. (Recall therefore that 
two parabolic f -subgroups P{ and of G' are called associate, if their Levi-factors L[ and L2 are conjugate 
by an element in G'(F).) More precisely, the spaces Aj^^p'^{G') consist exactly of those automorphic forms 
/ e Aj{G'), which are negligible along every parabolic F-subgroup Q' ^ {P'}, i.e., with respect to a Levi- 
decomposition of Q' = Lq>Nqi, the constant term fgi is orthogonal to the space of cuspidal automorphic 
forms on Lq' (A). 

We remark that within the direct sum p.ip . the subspace Acusp,jiG') of all cuspidal automorphic forms 
in Aj{G') is given as the summand index by the class {G'} itself: 

Acusp,j{G') Aj^{G'}{G')- 
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3.2. The various summands Aj,ip'}{G') can be decomposed even further. Therefore, let P' ~ L'N' 
be a Levi-decomposition of the parabohc F-subgroup P' . Its Levi factor L' is hence of the form L' = 
Y['i=i GL'j^., with = Now, recall from \i2\ . 1.2, the notion of an associate class tpp' of cuspidal 
automorphic representations of the Levi subgroups of the elements in the class {P'}. These classes (fpi may 
be parameterized by pairs of the form (x,n'), where 

(1) n' is a unitary cuspidal automorphic representation of L'{A), whose central character vanishes on 
the diagonally embedded group ^ L'^ ^ L'{A) ^ OLi GL'^^{k) 

(2) X : R!^ — > C* is a Lie group character and 

(3) the infinitesimal character of 11^ and the derivative dx G Hom(C'', C) of x are compatible with the 
action of J (cf. [I2|, 1.2). 

Each associate class Lppi may hence be represented by a cuspidal automorphic representation H' :~ W ® 
e(dx.Hp,) of i'(A), where Hp, is the Harish- Chandra homomorphism L'(A) ^ C", cf. [U, p. 185. Given 
(^P', represented by a cuspidal representation H' of the above form, a G"(A)-submodule 

of Aj,{pi]{G') was defined in [T^], 1.3 as follows: It is the span of all possible holomorphic values or residues 
of all Eisenstein series attached to 11', evaluated at the point dx, together with all their derivatives. This 
definition is independent of the choice of the representatives P' and 11', thanks to the functional equations 
satisfied by the Eisenstein series considered. For details, we refer the reader to [H] 1.2-1.4. 

As a consequence of Franke's theorem, cf. [TT], Thm. 14, the following refined decomposition as G"(A)- 
modules of the spaces Aj_[p'y{G') of automorphic forms was obtained in ^12J, Thm. 1.4: 

(3.2) -4j,{P'}(G') -0^j,{P'},^p,(G'). 

ippi 

This gives rise to the following 

Definition 3.3. Let ^f' be an automorphic representation of G'(A), whose central character is trivial on the 
diagonally embedded group R+. If ^' is an irreducible subquotient of the space Aj^{p'},ipp, (G'), we call the 
associate class {P'} a parabolic support and the associate class (ppi a cuspidal support of ^'. 

3.3. Discrete series representations. Let Z'/F be the center of the algebraic group G' / F and 

uj : Z'{F)\Z'{A) C* 

be a unitary, smooth character. The space 

LL(G'(^^)\G'(A),a.) 
denotes the space of all automorphic functions 

/ : G' {F)\G' (A) ^ C 

which satisfy f{zg) — uj{z)f{g), for all z G Z'{A) and almost all g e G'(A), and |/|^ is square-integrable as 
a function on Z' {A)G' {F)\G' (A) (with respect to the usual quotient measure). This space is the discrete 
spectrum of G'(A), cf. Borel [3], 9.6. Via the right regular action, it is a representation space of G'(A) and it 
decomposes as a direct Hilbert sum of irreducible, unitary G'(A)-representations 11', called unitary discrete 
series representations: 

iL(G'(^^)\G'(A),..) = 0II'. 

Observe that there is no term for the multiplicity appearing in this decomposition, which is due to the 
Multiplicity One Theorem for unitary discrete series, proved by Badulescu-Renard in [5], Thm. 18.1.(b). 
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3.4. Let US now define a certain sub-class of automorphic representations, whicli we will mainly focus on in 
this paper. 

Definition 3.4. Let ^{G') be the family of all twists 

n' = n'® Idet'l", 

n' being a unitary discrete series representation of G"(A) and s G C. These twisted representations H' 
are usually called essentially discrete series representations, but for brevity of terminology we will only say 
discrete series representations. 

Clearly, &{G') contains the family of all twists of unitary cuspidal automorphic representations. In 
accordance with our previous terminology, we will henceforth call such a twist simply a cuspidal automorphic 
representation. 

4. A CLASSIFICATION OF THE COHOMOLOGICAL, IRREDUCIBLE, UNITARY DUAL OF GLk{B) AND G'L„(R) 

4.1. Being interested in arithmetic properties of automorphic forms of G' /F, the (g'^o, i4r^)-cohomology of 
automorphic representations of G"(A) will be an important tool. As we are planning to compare cohomolog- 
ical discrete series representations of the inner form G'(A) to cohomological automorphic representations of 
G(A), we shall in particular obtain some knowledge on the cohomological representations of the groups 
and Gy, v being a non-split archimedean place. In this section, we will hence determine the cohomological, 
irreducible, unitary dual of the real Lie groups G'y and Gv, v G Voo non-split. This amounts in giving a 
classification of all irreducible unitary representations of G'y — GLfe(H), fc > 1, and Gy — Gi„(R), n — 2k, 
which have non-zero (g^, i4r(,°)-cohomology twisted by some irreducible highest weight representation Ef^^. 

Speh gave a list of irreducible unitary representations of GLri(K) in [321, which have non-zero cohomology 
with respect to the trivial representation i?^^ = C. Using translation functors, see, e.g. [7] VI, sect. 0, this 
result can be adopted to the case of a general coefficient system i?^^ . However, as we also want to classify the 
cohomological, irreducible, unitary dual of GLfe(IHI), we are not going to use Speh's paper, but directly use the 
results of Vogan-Zuckerman, [40 ', in order to give a complete classification of the cohomological, irreducible, 
unitary dual of GLk{M.) and Gi„(R) in one go. To lighten the burden on the notation, we henceforth drag 
the subscript "w" about, keeping in mind that all objects are local ones at a non-split archimedean place. 

4.2. Non-equivalent (^'-stable parabolic subalgebras of g'. Let 6' be the usual Cartan-involution 
d'{X) — —A* on g' (A denoting the standard conjugation of quaternionic matrices) giving rise to the 
Cartan decomposition g' = J' © p'. According to this decomposition, let t)' = i' ® a' be a maximal compact, 
6''-stable Cartan subalgebra. We take 



t' 



ixi 



ixk 



yi 



Vk 



For any H G \)'^, let ej{H) := ixj and fj{H) := yj, I < j < k. Then the set of roots of g^ with respect to 
is given by 

A{2'c, f)c) = {±e,: ± e, ± (/. - /,), 1 < i< J < k} U {±2e„ 1 < ^ < fc}. 

Furthermore, 

A{ic,tc) = {±et±ej,l<i<j <k}U{±2e^,l<i<k} 
A(Potc) = {±e,±ej,l < i < J < fc} 

wt. - 5fcK{±l}^ 

where Sk is the symmetric group of index fc. It is hence clear that an element of the Weyl group W^' acts 
on H G it' by permuting the entries Xj, 1 < j < k and changing their signs. This gives rise to the quotient 
ii'/Wf, which admits a polyhedral cone decomposition. We obtain 
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Lemma 4.1. The following sets are pairwise in l-to-l correspondence: 

(1) {open, polyhedral cones in it' /Wf} 

(2) {x = (0_^, 7W^), k = ELo k^, h>0 fort > 1} 

ko ki kj. 

(3) {ordered partitions of k: k = [ka, ki, fc^], fco > 0, fc^ > for i > 1} 

Proof. The existence of the bijection (l)o(2) is a direct consequence of the description of the action of W^' 
on it'. (The j-th entry of x is its coordinate with respect to the basis element of it', which is dual to ek-j+i-) 
The bijection (2)o(3) holds trivially. □ 

Now, let £3' be the set of all ^'-stable parabolic subalgebras q' of g^, which contain a fixed Borel subalgebra. 
Recall that K' ^ Sp{k)M.* acts on this set by the adjoint action. This leads to a finite set Q' /K' of orbits or - 
otherwise put - if'-conjugacy classes of 6''-stable parabolic subalgebras q' containing a fixed Borel subalgebra. 
The following lemma says that the set of open polyhedral cones in it'/Wf and Q' /K' are in bijection. 

Lemma 4.2 ([21j IV, Prop. 4.76). Every x € it' /Wf defines a 9' -stable, parabolic subalgebra q^ in q'^ by 
assigning it a Levi decomposition q^ :— ©u^, where 

4 f)C © (0c)a 
aeA(g^,tJ.) 



id K — (Bc)a 



a(x)>0 



and two such xi, X2 define the same parabolic subalgebra q^^ ~ q^,^ if and only if they are in the same open, 
polyhedral cone. 

Conversely, up to conjugacy by K' , any 9' -stable, parabolic subalgebra q' containing a fixed Borel subalgebra 
is of the form q = q^;, with x £ it! /Wf ■ 

Together with Lem. 14.11 the last lemma provides a parametrization of the set of A''-conjugacy classes 
of ^'-stable parabolic subalgebras q' of containing a fixed Borel subalgebra by ordered partitions k = 
[fco, fci, fcr] oi k: k — X]i=o k^ > and fc^ > for i > 1. Therefore, we shall henceforth write qj, for a 
class in £}' /K'. Its Levi subalgebra has real part 



(4.3) 



[;,n0'-0[,„(H)®00[fe,(C). 



if 



In view of Salamanca-Riba's paper [SS], Prop. 1.11, we shall introduce another relation on Q' /K': qj, 
and only if A(ujj, np^, ty ~ ^(uj, np£, ty . It is an easy exercise to check that in terms of the parameterizing 
partitions k-^ and fc2' 1/c ^ 1/c if ^'^'f only if either k^ = ^2 or 

(4.4) fci = [0,l,fc2,---,fcr] and k^ ^ [l,k2, ...,kr]. 

(E.g., k^ ~ [0, 1, 2, 1, 3] and k2 — [1,2, 1, 3] for k = 7.) Within such a non-singleton equivalence class, we pick 
the if'-conjugacy class parameterized by fcj^. To conclude this subsection, we define Q' to be the so chosen 
set of representatives of equivalence classes in £}' /K', i.e., of X'-conjugacy classes of ^'-stable parabolic 
subalgebras q' = q'^ of g^, containing a fixed Borel subalgebra. 

4.3. Non-equivalent 0-stable parabolic subalgebras of g. We will now determine the same data for 
the split case. Therefore, let 9 be the usual Cartan-involution 9{X) — —X* on g leading to the Cartan 
decomposition g ^ t © p and standard maximal compact, 6'-stable Cartan subalgebra f) = t © a. We have 



r/ 





-Xl 



Xl 





\ 



Xi e 





-Xk 



Xk 
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and 



r / 



I v 



2/1 



yi 



Vk 



Vk / 



For H G i)c, let again ej{H) := ixj and ,fj{H) := yj, 1 < j < k. Then the set of roots of gc with respect to 
f)c is given by 

A(0c, flc) = {±e» ± e, ± (/, - /,), 1 < i < J < fc} U {±2e,, l<t<k}. 
However, in contrast to the non-spht case, the sets of compact and non-compact roots change their roles 

A(«c,tc) = {±e,±ej,l<t <j <k} 
A(pc,tc) = {±e, ±ej,l < i < J < fc}U{±2e„l < i < fc}. 
Slightly abusing notation, we set 

W, := Sk K {±l}^ 

and let this "extended" Weyl group Wt act on H G it by permuting the entries , 1 < j < k and changing 
their signs. Whence, the following lemma is obvious by Lem. 14.11 See also Speh's aforementioned article 
[3^, p. 464. 

Lemma 4.5. The following sets are pairwise in 1-io-l correspondence: 

(1) {open, polyhedral cones in ii/W{\ 

(2) {x = (0^, k = ELo h>Ofort> 1} 

kg ki kj. 

(3) {ordered partitions of n: n = [uq, ni, n^], uq > 0, = 2ki, where ki > for i > 1} 

Now, let Q be the set of all 0-stable parabolic subalgebras q of gci which contain a fixed Borel subalgebra. 
Recall that K = 0(n)M* acts on this set by the adjoint action. This leads a finite set Q/K of if-conjugacy 
classes of (^-stable parabolic subalgebras q containing a fixed Borel subalgebra. Again there is a bijection 
between the set of open polyhedral cones in ii/Wt and £}/K, explaining our choice of the group Wt: 

Lemma 4.6 ([21] IV, Prop. 4.76). Every x G ii/Wt defines a 0-stable, parabolic subalgebra c\x in 0c '"^o, 
(\x := I'x © Ua;, where 



I. 



' (0c)a 
aeA(gc,tc) 



and 



(flc). 



QGA(gc,tc) 
a{x)>0 



and two such xi, X2 define the same parabolic subalgebra q^i = qa;2 */ only if they are in the same open, 
polyhedral cone. 

Conversely, up to conjugacy by K , any 9-stable, parabolic subalgebra q containing a fixed Borel subalgebra of 
QC "is of the form q = q^:, with x G ii/Wt. 

In particular, Lem. HTSl provides a parametrization of the set of iiT-conjugacy classes of fii-stable parabolic 
subalgebras q of qc containing a fixed Borel subalgebra by ordered partitions n = [np, ni, n^] of n: 
n = J2i=o '^o > and Ui = 2ki > for z > 1. Therefore, we shall henceforth write q„ for a class in Q/K . 
The real part of its Levi subalgebra is isomorphic to 



(4.7) 



>0fl[fc.(C), 



see also p. 464. Introducing the analogous equivalence relation on Q/K by letting q„ ^ q„ if and 
only if A(u„^ fl pcj tc) — ^{^n^ ^ PCi k:)) we encounter a different phenomenon than in the non-split case. 
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As every root appears at least once in the set of non-compact roots, for any 6'-stable parabolic subalgebra 
of 0c 

A(u„ npctc) = A(u„,tc) 
and so the relation degenerates to equality: 

1«i Ilia ^ ^2.1 = ■ 

Again, we denote by Q the set of all such equivalence classes, i.e., Q ~ £}/K itself in this case. 

4.4. Having compiled this data for g' and g, we can now give the desired classification of the cohomological, 
irreducible, unitary dual of G' and G. Therefore, let E be an irreducible representation of G" or G on a finite- 
dimensional complex vector space. Observe that we have changed Cartan subalgebras in this section, so we 
will write A for its highest weight with respect to the standard choice of positivity on A(gc, t)c) — '^{d'c ^c)' 
rather than /i. As we will soon use the results of Vogan-Zuckerman [40], Section 5, we shall check when A 
does define a so-called admissible character: Given q' e Q' (resp., q G Q) let L' C G' (resp., L C G) be 
the connected subgroup with Lie algebra I* (resp., P). According to [JD], (5.1), a linear functional ^ on [' 
(resp., [) is called admissible if 

(1) ^ is the differential of a unitary character of L' (resp., L) 

(2) (^,a) > for all roots a appearing in u' (resp., u). 

As a corollary, a highest weight A defines an admissible character of [' if and only if 
(4.8) A|[|/E.(/K] =0 and A|a' =0. 

As an explanation, the vanishing of A on the commutator [[*, [*] is equivalent to saying that A : f)^ — C can 
be extended to a character on I' 3 f)^, while the second condition A|a' = is equivalent to A coming from a 
unitary character. The latter condition can once more be equivalently reformulated by saying that Xo0' — X 
or - again equivalent - that E is self-dual. In particular, we may view A as being expressed in the functionals 
Gj, 1 ^ J £ fc, only, writing A — (Ai, Afc), Xj being the coefficient of ej in such a decomposition. Clearly, 
the same statements hold for q' being replaced by g, removing the prime everywhere. 

We let Q'(A) (resp., Q(A)) be the set of all q' G Q' (resp., q G Q), to whose Levi parts I' (resp., I) a given 
highest weight A can be admissibly extended. 

4.5. The cohomological, irreducible, unitary dual of G' — GLk{M.). Now, we may state the following 
theorem settling the non-split case. 

Theorem 4.9. Let G' = GLk{^), fc > 1 and E = E\ a highest weight representation. The following holds: 

(1) To each q' = qj. G Q'{X), there exists a unique irreducible unitary G' -representation A^i{X). None 
of these are pairwise isomorphic, i.e., Aq/^ W— ^q'^. W if md only if C{'i. ~ q'j. . 

(2) Each Aq'(A) is cohomological with respect to E\, i.e., 

m{g',K'°,A,,{X)<E,Ex)^0 

for some degree q > 0, and all irreducible unitary G' -modules which are cohomological with respect 
to Ex are obtained in this way. 

(3) The Poincare- polynomial of the cohomology ring H*[q\K'° ,A^ti^x) ® E\) is independent of X and 
given by 

p{k. X) = ^ - n 11(1 + x^^-i) n (1 + x'^-'y 

1=1 j=l J=l 

(4) Among all Aqi{X), q' = q'^, G Q'{X), the representation indexed by q'/^ with k — [0,1,1,...,!] is the 
only tempered representation. 
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Proof. (1): The existence of the irreducible G"-module ^q'(A) is proved by Vogan-Zuckerman in [401, Thm. 
5.3 together with (5.1). Its unitarity is shown by Vegan in Thm. 1.3, while their pairwise inequivalence 
is a consequence of the work of Salamanca- Riba [35], Prop. 1.11. 

(2) : This is gO], Thm. 5.5 and 5.6. 

(3) : By gD], Thm. 5.5 we know that 

H^q', K'°,A^,^ (A) ® Ex) = ii-9-dim(u^npt) ((«^ j« ^ ^/^ j.)^ 

which is already independent of A but only dependent on the partition k determining q' — q'^,. Using the 
concrete form of I*, given in (|4.3p and the fact that (g', i4r'°)-cohomology satisfies the Kiinneth-rule, it is 
now an easy exercise to calculate the Poincare-polynomial of the cohomology ring H*{q\K'° ,Aq'{X) ®E\). 

(4) : Taking into account our description of the real part of the Levi subalgebra of a 6''-stable parabolic 
q'fc G Q'(A) given in (|4.3p . this follows from [40], last paragraph on p. 58. □ 

Remark 4.10. It is to avoid redundancies in the list of (A)-modules, that we introduced the equivalence 
relation on Q' /K' . If there is a non-trivial equivalence qj. ^ qj, , i.e., = [0, 1,^2, ...,fcr] and k2 = 
[1, ^2, fcr], and A can be extended to an admissible character of [J,. , too, then A^^^ (A) exists. However, it 
such a case 

A,,JX) = A,JXl 

cf. [32], Prop. 1.11. 

Thm. 14.91 motivates the following definition. 

Definition 4.11. Let E — E^he & highest weight representation as in Section [2731 whose highest weight 
with respect to \)'^ is A. We denote 

Coh^(G') := {^q,(A),q' = qUS'(A)}. 

According to Thm. Coh^(G") is the set of all irreducible, unitary G'-representations, which have non-zero 
(g', /'ir'°)-cohomology with respect to E. 

4.6. The cohomological, irreducible, unitary dual G — GL„(]R). The split case is slightly more 
complicated, as G = GL„(M) is not connected. Still, we obtain the following theorem. 

Theorem 4.12. Let G = GLn{M.), n = 2k > 2 and E ~ E\ a highest weight representation. The following 
holds: 

(1) To each q = qn G Q(A), there exists a unique irreducible unitary G -representation y4.q(A). None of 
these are pairwise isomorphic, i.e., Aq^^ (A)= Aq^^ (A) if and only if c\n-^ — qn^- 

(2) Each Aq(A) is cohomological with respect to E\, i.e., 

m{Q,K°,A^{X)®Ex)^Q 

for some degree q > Q. Conversely, all irreducible unitary G-modules which are cohomological with 
respect to E\ are of the form 

Aq(A)®sgn^ q = q„ e Q(A),e e {0, 1}. 

(3) Among all ylq(A), q = q„ G Q(A), the representation indexed by q„ with n = [0, 2, 2, 2] is the only 
tempered representation. 

Proof. (1): The existence of the irreducible G'-module ^q'(A) is again a consequence pUj, Thm. 5.3 together 
with (5.1). Its unitarity is shown in ^39j , Thm. 1.3, while their pairwise inequivalence is a consequence of 
[32], Prop. 1.11. 

(2) : This is [ID], Thm. 5.5 and 5.6., where the twist by sgn^ takes account of the disconnectedness of G. 

(3) : Recalling our concrete description of the real part of the Levi subalgebra of a 6'-stable parabolic q„ G Q(A) 
given in (|4.7p . this follows again from [JD], last paragraph on p. 58. □ 
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Definition 4.13. Let E = Ef^ he a highest weight representation as in Section [2731 whose highest weight 
with respect to [)c is A. We denote 

Coh^(G) := {A,iX) ® sgn^ q = q„ S Q(A), e e {0, 1}}. 

According to Thm. HTT^ Cohp(G) is the set of ah irreducible, unitary G-representations, which have non-zero 
(g, i4r°)-cohomology with respect to E. 

5. The local and global Jacquet-Langlands transfer and its interplay with cohomology 

5.1. The local Jacquet-Langlands map. In [50] Jacquet-Langlands established a bijection between ir- 
reducible representations of G^ and irreducible, admissible square-integrable representations of Gy in the 
special case when m = I and d = 2, i.e., when G' is the group of invertible elements in a quaternion 
division algebra. (See also Gelbart-Jacquet [13] Thm. 8.1 and its generalization of Rogwaski, [30].) This 
bijection was extended to a bijection between irreducible, admissible square-integrable representations of G'„ 
and irreducible, admissible square-integrable representations of Gy for any m and d by Deligne-Kazhdan- 
Vigneras in [TD] - the local Jacquet-Langlands correspondence. Finally, Badulescu in [T], p. 406 together 
with Badulescu-Renard in f^, sect. 13, "thickened" the Jacquet-Langlands correspondence to a map 

\LJ\y : UcpiGy) ^ U{G'y) 

from the family Ucp{Gy) of so-called dy- compatible irreducible unitary representations of Gy to the family 
U{Gy) of irreducible unitary representations of G'y. (For the notion of d^j-compatibility we refer to [IJ, 
sect. 15) This map is neither injective nor surjective in general, but restricts to the Jacquet-Langlands 
correspondence of [10] (and [20]) on unitary square-integrable representations, li dy = 1, i.e., G'y = Gy 
the map \LJ\y is the identity. Furthermore, \LJ\y commutes with parabolic induction and forming tensor 
products. We denote by Ucp{Gy) the set of all Hy = Ily ® |det|*, with s G C and Yly £ Ucp{Gy), and define 

|iJ|^(n„) = |LJ|„(n^,) ® det'". 

The analogous notation U{G'y) is used in the non-split case, i.e., 11^ e U{G'y) if and only if li'^ — li'^® |det'|'* 
with n; e U{G'y). Furthermore we set for Hoo = ®y(zv^ n„ G Ucp{G^) = ®y^v^ Ucp{Gy) 

|iJ|oo(noo) = (g) \LJ\y{ny). 

vev^ 

5.2. In the sequel, we will need some particular knowledge about the easiest, non-trivial case of |£J|^, 
namely if w G Voo is a non-split place and m = 1 and d = 2. For any integer I > 1 and u G C denote by 

F{u, I) := Sym'-^C^ ® det'-"/^ 

where Sym'^^C^ is the unique irreducible, unitary representation of 5ii(H) of dimension I. The represen- 
tations F{u,l) exhaust all irreducible, finite-dimensional representations of GLi{M). 
Furthermore, we define 

D{u,l) := D{1) ® |det|-"/2, 

where D(l) the unique irreducible, unitary, discrete series representation of 5i^(M) of lowest (non-negative) 
0(2)-type I + 1. Then we obtain 

Lemma 5.1. Let v G Voo be a non-split place of a quaternion division algebra D and m = 1. The family 
t/cp(GL2(R)) consists precisely of the representations 

(i) sgn=|det|% s G {0, 1} and s e C 

(ii) D{u, I) for some integer I > 1 and w G C. 

while the family U{GLi(M)) consists precisely of the finite- dimensional representations 
(i') F{u' , I') for some integer I' > 1 and u' G C. 
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The local map \LJ\^ is given by 

det'" z/n„ ^sgn-^ldetl 
F{u,l) ifUy^DiuJ). 

In particular, in this special case, \LJ\y is surjective but not injective. 



Proof. This is well-known, respectively follows from the description of the local map \LJ\y in this case, cf. 
Badulescu-Renard [2J, Thm 13.8. □ 

5.3. Local Jacquet-Langlands and cohomology. We are now ready to prove the first main result of 
this paper. It compares the cohomological, irreducible, unitary duals of G'^ and Gy, v G Voo non-split, 
via the local Jacquet-Langlands map \LJ\y and will be of particular importance in the following sections. 
Nevertheless, we believe that it is interesting in its own right. It fits very well with the philosophy to use 
functoriality in order to get cohomological automorphic representations. The interested reader may find a 
survey on this topic by Raghuram-Shahidi in [28j, Section 5.2. 

Theorem 5.2. Let v £ Voo be a non-split place, so G'^ = GLfc(H), fc > 1 and Gy = G'L„(R), n = 2fc. 
Furthermore, let E — E^^^ be any highest weight representation as in Section \2.Sl Then we get: 
The local Jacquet-Langlands map \LJ\y defines a surjection 

Coh^„ (Gy) ^^L^ coh^^ (G'y) 

given explicitly by 

\LJ\yiA,JX)®sgn') = A^,JX). 
Here n = [ng, ni, Ur] and k— [fco, ^i, ^r] with Ui = 2ki, < i < r. 

In particular, \LJ\y maps tempered cohomological representations to tempered cohomological representations. 

Proof. The proof consists in rewriting the ^q'(A)- and Aq(A)-modules as quotients of parabolically induced 
representations, following Vogan-Zuckerman [40j . p. 82, and then applying \LJ\y. In what follows we will 
freely use the notation of [J^, p. 82, which is explained there in details and drop the index "u", as it is clear 
that all objects are local ones at a non-split, archimedean place. 

Let us begin with the non-split case, i.e., with G" = G'y and a representation ylqj^(A) index by fc = 
[fco, fci, fcr] as in Section [4.21 Recall the Levi subgroup L' = L'^ = GLfe„(H) x n[=i (*^) defined 
in Section WM It contains a maximally split ^'-stable Cartan subgroup T^A^^. In fact, for the Lie algebras 
we may take 

t+ = Lie{T+) = t' and a'' = Lie{A'^) = a', 

where t' and o' are as in Section W?^ As in [30], P- 82, we let M'^A'^ be the Langlands decomposition of the 
centralizer of A'^ in G' = GLk(R) and obtain 

fc 

so Af^ = rij=i SLi{M) and let P' be a parabolic subgroup containing M'^A'^ as Levi factor. It is a minimal 
parabolic subgroup. The character v'^ defined on [40J, p. 82, is given as 

where p, is the smallest algebraically integral element in the interior of the dominant Weyl chamber of •. 
We still need to describe the representation ct'' of M'*, defined abstractly on p. 82 of [30]. Therefore, we 
recall three facts. Firstly, as we may assume that A is self-dual, cf. Section X\i+ — X = (Ai, A^) in 
the coordinates given by the functionals ej , cf . Section 14.21 Secondly, p"^ being defined as the half sum of 
positive roots oft"*" = t' in m'^nt' equals, p+ — (0, 0, 1, 1), the "I's" starting from the fc — fco + 1-st entry. 
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Thirdly, the highest weight of cr'* with respect to the system A(mf., i'c) equals the Harish-Chandra parameter 
of cr'* subtracted by p^d = (1,1,...,!). Having collected this information, and writing p{u') = (p" , ) 
for the half-sum of the roots appearing in u' = uj., counted with multiplicity, [ID], (6.13) tells us that 

cr'^^ Sym^J+''^''"iC2 0Sym^^+''-'="+''^'+''-^oC2. 

3=1 j=l 

However, by Lem. I4.1l p"| ,, = for 1 < j < /cq and by (|4.8I) necessarily also Xj+k-ka = for 1 < j < ko. 
So, 

- Sym^^+''"'-iC2 

/c — /co 

= (g) F(0,A,+p/) 

where F(0, Aj + p" ) is the notation used in the previous section. By [5D], Thm. 6.16, Aq/^(A) is isomorphic 
to the unique irreducible quotient J{P',a'^ k^^'k) '^^ parabolically induced representation 

Next, we treat the split case, i.e., G — GLn(R.), n — 2k > 2, and a representation Aq^{A) parameterized by 
a partition n = [no,ni, as in Section 14.31 From \iA\ we have a Levi subgroup L = Ln = G'i„(,(R) x 

Y[l=i GLki (C) containing a maximally split ^-stable Cartan subgroup which we again denote by T+A'', 
following [3D], p. 82. The Lie algebras of its factors satisfy 

t+ = Lie(r+) t and a a'^ = Lie{A'^) , 

where t and a are as in Section The Langlands decomposition of the centralizer of A'^ in G ~ GL„(M) 
is given by 

fe— feo no 

M'^A'^ = Y[ GL2(R) X Jl Gii(R), 

so M"^ = nj=i'' SLf{R) X rij^ii^l} and we let P be a parabolic subgroup containing M'^A'^ as Levi factor. 
The character v'^ defined on [3D], p. 82, takes the form 

^'^ ^ (/5Bt„„(R)>P3lfci(C),-,PBlfc,(C)) 
=: Vn- 

Next, we turn to the discrete series representation a'^ of AI'^. According to [3D], (6.13) the Harish-Chandra 
parameter of a'^ is 

+ A|t+ + p(u„). 

Observing that m'^ n [ = t+, implies /9+ = (0,0,..., 0). Furthermore, A|t+ = A = (Ai, Afc_fco, 0, ...0), so we 
obtain that a'^ has Harish-Chandra parameter A|t+ + /o(u„). The lowest M'^ n JsT-type of a'^, cf. [3D] (6.14), 
affords that m G YYjlil^^} acts by sgn(det(m))'^(^) for some e(A) G {0,1}. If we observe that the roots 
appearing in u„ and uj. are the same, by Lemmas 14.11 and 14 . 5 [ this defines a'^ uniquely as 

k—k(i 

'j" - (g) i5(0, A, +/,;'')«' sgn^^^) 
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in the notation introduced in the previous section. If we use once more |40| . Thm. 6.16, we obtain that Aq,^ (A) 
is isomorphic to the unique irreducible quotient J(P,ax_m^'n) of the parabolically induced representation 

Indp[(TA,„ «) I^rJ- 

But now, as \LJ\ commutes with parabolic induction and forming tensor products, Lem. together with 
induction by stages shows that 

|LJ|(J(P,aA,„,i.„))=. J(P',<,,4). 

But this implies that 

\LJ\iA,J\)(^sgn')=A,,^{\), 

where n — [no, rii, n^] and k = [/cq, fci, fc^] with rii — 2ki, < i < r. In particular, following the 
characterization of the cohomological, irreducible, unitary dual of G' and G in our Prop. and H7T^ |LJ| 
defines a surjection 

Coh^(G) ^^1^^ Colv(G') 

for all highest weight representations E ~ E^. Furthermore, by Thm. 14.91 (4) and 14.121 (3), \LJ\ maps 
tempered cohomological representations to tempered cohomological representations. This shows the theorem. 

□ 

Remark 5.3. The fibers of \LJ\y over a representation j4q'(A) can be explicitly described using (14. 4p . 

5.4. An illustrative example. Let us exemplify Thm. 15.21 by letting A; = 2, so n = 4, and taking E = C 
to be the trivial representation, i.e., A = 0. We obtain the following two tables, where Q is the standard 
parabolic subgroup of G = GL4{R) with Levi factor GL2(K) x GL2(K) and P' is as in the proof of Thm. 



n 




(0) «) sgn 


[0,2,2] 


ind^[i:>(o,3)«)i:'(o,i)] 


Ind^[Z3(0,3)(8)£'(0,l)] 


[2,2] 


Indg[i?(0,3)®lGL.(K)] 


Indg[i:>(0,3) ® sgn] 


[0,4] 


JiQ,D{-l,2)®D{l,2)) 


JiQ,D{~l,2)®Dil,2)) 


[4] 


1gl4(R) 


sgn 



Table 1. Coho(GL4(M)) 



k 




[0,1,1] 


Ind^; [F(0,3)«) 


no,i)] 


[1,1] 


Ind^;[F(0,3)® 


1gLi(H)] 


[0,2] 


J(F',P(-1,2)€ 


)F(1,2)) 


[2] 


1gl2(h) 





Table 2. Coho(GL2(H)) 



Since F{0, 1) = 1gLi(H) , the representations in the first two lines of Table [5] coincide as predicted. Further- 
more, the tempered representations are given by the first rows of Table [T] and [H i.e., by the partitions [0, 2, 2] 
and [0,1,1]. Applying Lem. [O] directly to Table [1] and noting that Indg[Z?(0, 3) (g) 1gl2(R)] isomorphic 
to the irreducible quotient of Indp[D(0,3) (8) 1gLi(R)I ' ® 1gLi(r)I • 1^^^^], where P is as in the proof of 
Thm. 15.21 reproves the other assertions in this example. 
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5.5. The essentially-tempered representations. There is a particularly important subclass of irre- 
ducible, cohomological representations, namely those which are essentially tempered. Therefore recall that 
an irreducible admissible representation 11^ of G^, v £ Voo, is called essentially tempered, if it is of the 
form nj, = jdet'l'*", with 11^ being an irreducible, unitary, tempered representation and Sy G C. A 
representation 11^ = ^vev of is analogously called essentially tempered if all its local factors 
are. The analog definition applies to representations of Gy when removing the prime. 

According to Thm. 15.21 and the definition of |I/J|«, a cohomological, irreducible, admissible, essentially 
tempered representation IIi, of Gy is mapped via |LJ|i, onto a cohomological, irreducible, admissible, essen- 
tially tempered representation 11^ of Gy. Let now v G Voo be again non-split and let us shortly describe 
these representations a little bit more explicitly. 

So, let E = Efi^ be a highest weight representation as in Section [2.31 For sake of simplicity, we will again 
drop the subscript "v" in this subsection for all local objects. By the same reason as in Section 14.41 we see 
that, in order to admit a cohomological, essentially tempered, irreducible admissible representation 11' of G", 
it is necessary for the coefficient system E^^ to be essentially self-dual. We may hence assume without loss 
of generality that from now on in this subsection E"^ is essentially self-dual writing E^^ ~ EJ^(E) det™, w € Z. 
Otherwise put, ii n — (^i, is the highest weight of E^, 

Hi + Hn-i+i — w for 1 < i < n. 

Let I := (^1, ...,4) with 

■= A*i - Mn-i+i + {n-2i + l) = w - 2/i„_i+i + {n - 2i + 1). 

We obtain that £i > £2 > ... > ik > I- By Thm. EM (4) and Borel-Wallach [7], I, Thm. 5.3, the unique, 
irreducible, admissible, essentially tempered representation of G' , which has non-trivial (g', if' °)-cohomology 
twisted by E^ is 

^q,(A)«)det''"'/2, 

where k — [0, 1, 1, 1]. It is furthermore a consequence of the proof of Thm. 15.21 that this latter represen- 
tation is isomorphic to the unique irreducible quotient of 

lnd%[F{w,ei) ® ... (^F(w,4)]• 
Now, [17] , Thm. 1, p. 198, implies that this normalized induced representation is already irreducible itself, 
whence 

J'{w,£) := (A) ® det'-'"/2 i-ad%[F{w,£i) (g) ... ® F(w,4)] 

is the unique, irreducible, admissible, essentially tempered representation of G', which has non-trivial 
(0', iir'°)-cohomology twisted by E^^. Furthermore, 

Hi{gl^{m),Spik)R+,J'{w,£)(g>E^)= /\ C^-^, 

which follows from Thm. EJl (3) or directly by [7| III. Thm 5.1. 

The split case G = G„ = GL„(IR), n = 2fc, is treated in analogy By Thm. KV3 and [TJ, I, Thm. 5.3, 
the unique, irreducible, admissible, essentially tempered representation of G, which has non-trivial {g,K°)- 
cohomology twisted by E^ is 

A^JX) ® |detr'"/2 ^ A^JX) ® sgn Idetj-^'/^^ 

where n = [0, 2, 2, 2]. As shown in the proof of Thm. 15. 2[ this latter representation is isomorphic to the 
unique irreducible quotient of 

liid$[D{w,£i) (E) ... (g, D{w,£k)], 
which turns out to be irreducible itself, too, cf. [T7], Thm. 1, p. 198. Hence, 

J{w,£) := Aq^{X) ® |det|-"'/2 ^ ind'flDiwJi) ® ... (g) D{w,£k)] 
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is the unique, irreducible, admissible, essentially tempered representation of G, which has non-trivial (g, K°)- 
cohomology twisted by E^^ . We compute, 

H''{Ql„{R),SO{n)R+,J{w,i)(SE^)^C'^ /\ C''-^ 

which follows again from [7j III. Thm 5.1 or directly using [7J, III. Thm. 3.3. Observe that there is a factor 
appearing in the formula. This is due to the fact that we calculated (0[„(R), 50(n)R+)-cohomology (as 
in Mahnkopf [25], 3.1.2), and not (0[„(R), 0(ri)R+)-cohomology (as it was done by Clozel in [8], Lemme 
3.14). The reason for that will become clear after Thm. [^31 Compare this also to [25], p. 590. 

5.6. The global Jacquet-Langlands map. There is also a global version of the Jacquet-Langlands map, 
developed by Badulescu in [1 , sect. 5, and by Badulescu-Renard in [2J, sect. 18. (For m — 1 see also 
Harris-Taylor [TH|, VI. 1) We denote it here by JL (because it goes in the direction different to the one of 
\LJ\y). It is uniquely determined as being the map satisfying the conditions of the following theorem: 

Theorem 5.4 (|2j, Thm. 18.1 & Prop. 18.2). The map JL is the unique injection from the set of all unitary 
discrete series representations 11' of G"(A) into the set of all unitary discrete series representations 11 of 
G(A) such that 

\LJUJL{fl%) = fl', 

at all places v &V . 

Moreover, if J L {II') is unitary cuspidal, then so is 11'. 

We remark that the condition \LJ\v{JL{Il')y) = 11^ implies that in particular JL(n')„ = 11^ at all split 
places V. In accordance with our local definition (cf. Section [??H) . we define for 11' = 11' (g) [det'l'' G &{G'): 

JL(n') JL{U') ® |det|^ 

Corollary 5.5. The so extended global Jacquet-Langlands map satisfies JL{Il') G !^{G). Furthermore, all 
assertions of Thm. hold unchanged (omitting the word "unitary"). 

6. Algebraic and regular algebraic representations of G'(A) 

6.1. The Local Langlands Classification. Let Wk be the local Weil group of K = R, C, cf. Tate |37| . 
1.4.3. It can be defined as follows: 

_ ( C* if K = C 

H/r - I (j^* ^ if K = R, 

where in the second case = — 1 and jzj~^ = J, for all z e C*. 

It was proved by Langlands in [22J that there is a canonical bijection between the class of irreducible 
admissible representations tt of GL„(K) and the class of semi-simple, complex, rt-dimensional representations 
T of Wk, K = R, C. We denote this correspondence by 

TT O r = t{tt) 

and call t{tt) the Langlands parameter of tt. If IK = R we can furthermore restrict t(tt) to the connected 
component of the local Weil group W-^ = C* , which gives us an n-dimensional, complex representation of C* , 
again denoted by T(7r). This enables us to view t{tt) - no matter if IK = R or IK = C ~ as a representation 

r(7r) : C* GL„(C). 

If K = R and tt = D{1) (g) | det |^ (notation as in Section [S^) for some integer I > 1 and s G C, then the 
restriction of T(7r) to C* is explicitly given by 

Z H> {z^+'(z)-i+') © (£-^+"(2)5+^). 
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6.2. The split case. We will now recall the definition of an algebraic and a regular algebraic automorphic 
representation of GL„/F, following Clozel. 

Definition 6.1 ([S], Def. 1.8 & Def. 3.12). Let 11 G ^(G) with archimedean component Uoo = 'S>vev^ n„. 

(1) The representation 11 is called algebraic, if at all places v € Voa 

Uy ^ T(n„) = Xl.v © ■•■ ® Xn,v, 

1-n 

where Xi,v\ " , 1 < « < is an algebraic character and | • |c denotes the usual normalized absolute 
value on C. 

(2) An algebraic representation 11 is furthermore called regular algebraic, if the infinitesimal character 
Xn^c of Hoc is regular, i.e., inside the positive, open Weyl chamber. 

1-71 

Remark 6.2. A character Xi,v \ ■ being algebraic means that 

with Pi,v,qi.v G -^^"T^ + ^ for all v G Voo and 1 < i < n. If t; is a real place, we can even more suppose that 
T(n„) is given by 

z ^ (zPi."(z)P^-) © (zP^-(z)Pi-) © ... © ((zzp^+i.") © ... © ((zz)P"."). 

We let = {pi^v, ■■■,Pn,v) G (■^^x'" + for all v G Voo- The definition of 11 being regular algebraic can now 
be equivalently reformulated by saying that for all v G Voo, Pi.v 7^ Pj.v, 1 < * < j < ^- (This is actually the 
original definition of Clozel, cf. [8], Def. 3.12.) 

There is also the following, very useful, equivalent description of regular algebraic, cuspidal representations 
n, which is a consequence of Clozel |8J, Lemme 3.14. 

Theorem 6.3. Let 11 G S){G) and assume 11 is cuspidal. Then the following are equivalent: 

(i) n regular algebraic. 

(ii) IIoo is cohomological and essentially tempered. 

Sketch of proof. By Clozel [8J, Lemme 3.14, a cuspidal automorphic representation 11 is regular algebraic if 
and only if Woo is cohomological. So, we only need to show that the archimedean component Woo of a cuspidal 
and cohomological representation LI is automatically essentially tempered. This is actually well-known, so 
we sketch the argument here. For n — 1, this is obvious. If n > 2, then by Shalika |i34jj corollary on p. 
190, lit, is a generic representation of Gy for all v <E V. But a generic, cohomological, irreducible admissible 
representation of Gy, v G Voo, is essentially tempered. This shows the claim. □ 

Remark 6.4. We want to point out that it is due to the fact that we calculate (g[„(R), SO{n)'R+) - cohomol- 
ogy at a split real place v that we can formulate the theorem in that way. If we calculated (gl„(M), 0(n)K+)- 
cohomology instead, if n is odd, one might have to twist n„ with the sign-character in order to get non- 
vanishing cohomology, cL [8], Lem. 3.14. 

Moreover, we remark that the cuspidality assumption on 11 cannot be removed in Thm. 16.31 To see this, 
consider the following counter-example: 

Example 6.5. Let F = Q and take tt to be a cuspidal automorphic representation of GL2{A) with tToo = 
D{2) (notation as in Section [5^ . If we put moreover n — A, then the global induced representation 

I-d^L:ffixGi.(A)[^|detr/^0 7r|det 1-1/2] 

has a unique irreducible quotient LI, which is a residual representation in ^(6^4), see Moeglin-Waldspurger 
|26| . At infinity, Hoo is the Langlands quotient of 

I^d^L:[SxGL.(E)[^(2)l det © D(2)| det r/']. 
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Therefore, by Section \6A[ T(noo) is given by the character 

whose exponents are all in i + Z and pairwise different, whence 11 is regular algebraic by Rem. 16.21 Its 
archimedean component IIoo is even cohomological with respect to the trivial representation: One may check 
using Thm.[01 resp. Table [H that 

i7«(gl4(M), S-O (4)R+, «)C) ^ 

in degrees g = 3, 6. But clearly, IIoo is not tempered. Indeed, IIoo — ^q„ (A) with A = and n — [0, 4], which 
is not tempered by Thm. H?T^ (3). 

Remark 6.6. li n = 2k and v G Voo is a real place, the local component IIu of a regular algebraic cuspidal 
representation 11 S Sl{G) is necessarily of the form IIu J{wj},£v), for some integer Wy and tuple £y as in 
Section [531 In view of Thm. 16.31 this follows from Thm. 14.121 (resp.. Section [575)) . 

Before we turn to the case of G", let us also recall Clozel's "Lemme de purete", [8 , Lemme 4.9: 

Lemma 6.7. // 11 G f^(G) is algebraic and cuspidal, then there is a \n G Z, such that for all v G Voo, the 

algebraic characters of C* associated to Ily \ ■ \v ^ are of the form z i— > z'^{zY with p + q = vj. 

6.3. The general case. Motivated by the above definition for the split case (i.e., D — F) we extend it to 
the more general case of G". 

Definition 6.8. Let W G &{G'). 

(1) The representation 11' is called algebraic, if JL(n') G !^{G) is algebraic. 

(2) An algebraic representation 11' is called regular algebraic, if Ji(n') G !^{G) is regular algebraic. 
We will now see that our definition goes very well with Thm. 16.31 

Theorem 6.9. Let 11' G &{G') and assume that JLijV) is cuspidal. Then the following are equivalent: 

(i) n' is regular algebraic. 

(ii) n'g^ is cohomological and essentially tempered. 

Proof. (i)=>(ii): By assumption JL{W) is a cuspidal, regular algebraic representation of G{A). So, Thm. 
16.31 implies that JL(n')oo — (S^^gv '^-^(n')t, is cohomological and essentially tempered. By the description 
of the global Jacquet-Langlands map, cf. Thm. [53] and Cor. 15.51 there is an isomorphism Ji(n')„ = 11^ at 
all split places v G V. In particular, 11^ is proved to be cohomological and essentially tempered at all split 
places V G Voo- So, let us assume from now on that u is a real, non-split place. Again by Thm. and Cor. 
15.51 we obtain 

= \Lj\y{jL{n%). 

As V is supposed to be non-split, we have n = 2k and so Thm. 16.31 (see also Rem. 16.61) implies that 

JL{U')y ^ J{Wy,ty), 

for some integer Wy and fc-tuple £y as in Section 15.51 But now Thm. 15.21 shows that \LJ\y{J{wy,iy)) = 
J'{wy,£y). Putting the pieces together we finally see that 

K^j'iWy,£y). 

According to Thm. [TH] (resp.. Section [53]) . 11^ is therefore cohomological and essentially tempered and hence 
so is n'oo =<S>yev^K- 

(ii)^(i): Assume that II'oo is cohomological and essentially tempered. By definition, cf. Def. 16.81 we need 
to show that JL(n') is regular algebraic. As this is a local condition at the archimedean places, Thm. 16.31 
together with the standing assumption that JL(n') is cuspidal, permits us again to focus on the non-split 
archimedean places v G Voo- Let v G Vqo be such a place and let fiy — (/^«,i, ...,/Xi,_„), be a highest 
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weight representation of G'^ ~ G'ifc(H) with respect to which is cohomological. We know from Section 
15. 51 that E^^ is necessarily essentiaUy self-dual, so there is an integer e Z such that — iiy^i + fJ^v.n-i+i, 
1 < i < n. As is furthermore assumed to be essentially tempered, Thm. 14.91 resp., our explanations of 
Section [^31 imply that 

n; ^ j'K,4), 

the /c-tuple £y = {£i,v, ■■■,^k,v) being defined as in Section [5751 By the description of the global Jacquet- 
Langlands map, we hence obtain 

J'K,£„) ^ \LJ\,iJL(n%). 

Next, recall that JL{Il')y - being the local component of a cuspidal representation - must be generic (see 
Shalika [M], corollary on p. 190). Therefore JL{Il')y is induced from representations in the (limits of) 
essentially discrete series, cf. Vogan [38j, Thm. 6.2. But since \LJ\y commutes with induction and tensor 
products, these representations must be all in Ucp{GL2{M.)) and so Lem. [01 shows that JL{Il')y is induced 
from the representations D(wy,£i_y), 1 <i < k. Whence we have by construction 

JL(n'). - JiWyJy) 

and so Thm. H?T^ (resp.. Section [53]) yields that 

JL(n')oo = (g) JLiU% 

vev^ 

is cohomological and essentially tempered. By Thm. 16.31 JL(n') is therefore regular algebraic. Now the 
proof is complete. □ 

Remark 6.10. Implication (ii)=>(i) does not seem to need the assumption that JL(n') is cuspidal. First, 
observe that - assuming the validity of (ii) - 11' is necessarily cuspidal by Wallach (42], Thm. 4.3. See also 
Clozel [5], Prop. 4.10. By the same references, JL(n') is cuspidal, if there is a split archimedean place 
V € Voo- It therefore suffices to prove the implication (ii)^(i) under the assumption that there are only 
non-split places v G Voo- It seems that 11^, being cohomological and essentially tempered, satisfies 

JL(n'). = A,JX) sgn^|detr"'/2^ (^) 

with n = [0, 2, 2, 2] or n = [2, 2, 2]. If n = [0, 2, 2, 2], then JL(n')„ is essentially tempered and we 
are again in the situation considered in Thm. 16.91 If n = [2, 2, 2], then the local Langlands parameter of 
JL(n')y is given by 

{Z^^{z) 5 )®(2; 2 (z)^— )©...© (z 2 (z) 2 )®(2; 2 (z) 2 )©(zz)^~©(zz) 5 ^ 

with £ = {£i, £k) and w as in Section [5751 in particular, £k = 1- Indeed, for A^^ (A) with n = [2, 2, 2] to 
exist, we must have At = by (|4.8p . As furthermore pj,— = 0, the representation giving (zz)~t © (zz) 
is I det \~^^^, which shows £k = 1. By the definition of the numbers £i we see that £i — w — 2(— /i„_i+i -I- fc — 
i) -I- 1 is odd, so JL(n')„ would be algebraic. But since also £i > £2 > ■■■ > £k-i > — ^, JL{Il')y would 
also be regular algebraic by Rem. 16.21 As a consequence, in order to show the implication (ii)=>(i) without 
the assumption that JL(n') is cuspidal, it suffices to prove (V). 

In contrast, the implication (i)=>(ii) in Thm. 16.91 fails, if one drops the assumption of the cuspidality of 
JL(n') - even if one supposes that 11' is cuspidal. This is shown in the next example: 

Example 6.11 (Grobner [14J, Thm. 4.1). Let F = Q, m = 2 and = 2, i.e., G" is the group of GL2{D) 
over a quaternion division algebra D over Q. Assume furthermore that the infinite place is non-split, so 
G'30 = GL2{S). Using the global Jacquet-Langlands map of [2J, it was shown by the first named author in 
[14| . Thm. 4.1, that for any integer A: > 0, there is a cuspidal automorphic representation 11' of G"(A) whose 
component at infinity 11^ is given by the Langlands quotient of 

Indg"?[H!xG..(H)[Sym^^^C^det'V2 ^ Sym'^+^C^det'-/^]. 
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Therefore, H'^ is not essentially tempered, of. [14J, Prop. 3.5. (Although, if k is even, H'^ is cohomological 
with respect to the highest weight representation i?^ of G'^ with /i = (|,|,— |,— |); see again [Uj, Prop. 
3.5, resp., our Thm.HSl) 

But if k is chosen to be even, we claim that 11' is regular algebraic. In fact, the Langlands parameter 
T(JL(n')oo) is given by Section [01 as 

(fc + 3) -(fc + 1) -(fc + 1) (fc + 3) + -(fc + 3) -(fe + 3) (fc + 1) 

(Z (Z) 2 ) 2 (z) 2 ) 2 (2) 2 ) e (Z 2 (z) 2 )^ 

whose exponents are in ^ + Z, if fc is even. So, 11' is algebraic for even k. Furthermore, the numbers 

(fc + 3) _ -(fc + 1) _ (fc + 1) _ -(fc + 3) 

Pl,cxD — 2 iP2,oo — 2 iPS.oo 2 5^4,00 2 

can never be pairwise equal. Hence 11' is regular algebraic for even fc by Rem. 16.21 

6.4. A purity lemma. We conclude this section by stating a generalization of Clozel's "Lemme de purete". 
Lemma 6.12. // 11' G S){G') is algebraic and JLijV) cuspidal, then there is a \n ^ such that for all 
V £ Voo, the characters of C* associated to JL(Il')y\ ■ \y ^ are of the form z zP(z)' with p + q = w. 

Proof. This is an immediate consequence of the definition of 11' being algebraic and Lem. 16.71 □ 

Again, the cuspidality of Ji(n') cannot be weakened to assuming that 11' is cuspidal, as the next example 
shows. 

Example 6.13. Once more consider the representation 11' constructed in Example 16.111 It is cuspidal and 
algebraic, if k is even. Recalling also its Langlands parameter from Example 16.111 one checks that there is 
no integer w G Z representing all the sums of the exponents showing up in r(JL(n')oo)- 

7. Spaces of automorphic cohomology and rational structures 

7.1. Definition of the a-twist, the rationality field and F-structures. Let i' be any representation 
of either G"(A/) or on a complex vector space W. For a G Aut(C), we define the a-twist '^v following 
Waldspurger [H], I.l: If W' is a C- vector space which admits a cr-linear isomorphism t : W ^ W then we 
set 

'^iy.= t o ly o t^^ . 

This definition is independent of t and W' up to equivalence of representations. Further, if = {^^^y Uy 
is a representation of G'^, we let 

interpreting v G Voo as an embedding of fields v : F ^ C 

Recall also the definition of the rationality field of a representation from [H], I.l. If is any of the 
representations considered above, then let be the group of all automorphisms a G Aut(C) such that 

"ly = v. 

e{v) := {a cknt{C)\^v'^v}. 
Then the rationality field Q(i^) is defined as 

{z G C|cr(z) = z for all a G &{v)}. 

As a third ingredient we recall that a group representation v ona, C-vector space W is said to be defined over 
a suhfield F C C, if there is a F- vector subspace Wp C W , stable under the group action, and such that the 
canonical map Wf (Eif C ^> is an isomorphism. In this case, we also say that (i^, W) has an ¥ -structure. 

In particular, if i?^ ~ ®vev ^Mi. ^ highest weight representation of G^, then the above definitions 
can be applied to E^. In this special case we will abbreviate 

Q(m) :=Q(i?^). 

We obtain 
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Lemma 7.1 (Clozel |8], p. 122). Let he any irreducible highest weight representation as in Section \2.3[ 
Then Q(/i) is a number field and i?^ is defined over its rationality field Q(/i). 

Extending our notation, we let Q(n') be the compositum of the fields Q(/i) and Q(n^), 

Q(n') ■.= Q{fi)Q{U'f), 

if n' is a global automorphic representation of G'(A), which has non-trivial cohomology with respect to E^^. 

7.2. Rational structures on the cohomology of geometric spaces. Consider now the quotient 

Sg' := G'iF)\G'iA)/K'^, 

where we recall that the group R+ is "hidden" as a diagonal subgroup of K'^. This space is the projective 
limit of finite disjoint unions of orbifolds, cf. Rohlfs [31], Prop. 1.9 together with Borel [3], Thm. 5.1. Let 
be a highest weight representation of G'^ . It defines a sheaf £p on Sc , by letting f ^ be the sheaf with 
espace etale G' (A) / K'^ Xg'(F) with the discrete topology on E^. Hence, the sheaf cohomology spaces 

are defined. These are G'(A/)-modules. Moreover, the sheaf-cohomology with compact support H1{Sgi ,£^) 
is well-defined, too, and there is the natural map 

H^,{SG',£t.)~^H^{SG'.£^). 

We denote its image, following Harder, by H?{Sg' ,£fj.) and call it interior cohomology. 

It will be important for us to interpret interior cohomology as the kernel of another map. Therefore, recall 
the adelic Borel-Serre Compactification Sg' of Sc, and its basic properties. (For this we refer to Borel-Serre 
[S] as the original source and to Rohlfs [3T] for the adelic setting.) It is a compact space with boundary 
c'(S'g') and the inclusion Sg' ^ Sg' is a homotopy equivalence. Furthermore, the sheaf extends to a 
sheaf on Sg' and there is the natural restriction morphism of G'(A/)-modules 

res« : H^iScS^) ^ H\SG',£f.) ^ H'^{d(SG'),£^)- 

It is a basic fact that 

(7.2) H?{SG',£^)^ker{res'^), 

which follows from considering the long exact sequence in sheaf-cohomology given by the pair (Sg' , 9(S'g'))- 
We obtain 

Lemma 7.3. The G' {A f) -modules H'^{Sg' , £fj.) and H{'{SG',£fj.) are defined overQ{fj.). 

Proof. Both assertions follow from the fact that sheaf-cohomology can be computed using Betti-cohomology. 
To be more precise, we recall from Lem. 17.11 that is defined over its rationality field Q(/i). Let -E'^,q(/^) 
be a Q(/i)-structure on E'^ and let Hg{SG', E^ q^^^-f) denote the Betti-cohomology of Sc with coefficients in 
-E'Ai,Q(p)- This is a G'(A/)-stable Q(/i)-vector space and defines a Q(/x)-structure: 

H^SG',£f.) = H%{SG',E^^q(^)) ®Q(^) C. 

Recalling (j7.2p . this also shows the analogous assertion for H? {Sg> , £f_i)- Q 

Compare the previous lemma also with Clozel [8], p. 122-123. 
As another ingredient observe that for all a € Aut(C), there are natural cr-linear, G' (A/ )-equi variant iso- 
morphisms 

(7.4) a* : H'^{SG',£f.) ^ H''{Sg' ,"£,.) 

and 



(7.5) 



ar ■.H?{SG',£^.)-^H?iSG',''£^.)■ 
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7.3. Combining automorphic forms and geometry. Let E^^ be a highest weight representation of G'^ 
and let — Je be the ideal of the center of the universal enveloping algebra of gj^, which annihilates 
the dual representation E'^ of i?^. This ideal is of finite codiinension and hence the subspace Aj(G') of 
automorphic forms on R+G"(i^)\G'(A), which are annihilated by some power of J is defined, cf Section 
[21 Suppose furthermore that -E^^Ir^ = 1 in this subsection. Then the link between sheaf cohomology and 
automorphic forms is provided by 

Theorem 7.6 (Franke [11], Thm. 18). There is an isomorphism of G' {A f) -modules 

H^iScS^) = H^g'^,KZ,Aj{G')^E^). 



Abbreviating 



and 



we obtain 



Corollary 7.7. The sheaf cohomology of Sg' inherits from p.ip and p. 21) a decomposition as G'{Af)- 
module: 

(7.8) H^{Sg',S^.) = 0i?{Vj(G',E^) 

7.4. Recall from Section [3] that the space Acusp.j{G'), i.e., the subspace of all cuspidal automorphic forms 
in Aj{G'), can be identified with the summand Aj _{g'}{G') in (|3.ip . Hence, we call the summand in (j7.8p 
index by {G"} the space of cuspidal cohomology and denote it 

HcuspiG' ,Ef,) := Hl^^,y{G',Ef_,) 

= H'^{q'^,K'^,AcuspMG')(^E,). 

Now, let Adis,j{G') be the subspace of all square-integrable automorphic forms in Aj{G'). The quotient 
space ]R+G'(F)\G'(A) has finite volume hence Adis,j{G') is the space of all if^-finite, smooth functions 
/ G L^jg(M-)_G'(E)\G'(A)), which are annihilated by some power of J'. We will denote its cohomology by 

HLiG',E^) :=H'^i3'^,K'^,AdrsMG')®E^). 

Observe that by (j7.8p . there is a natural inclusion of G'(A/)-modules 

Hcusp{G' ,Ef_,) ^ Hl^^[G' ,Efj). 

Let us now refine this picture even more. If we fix a smooth character 

w : R+Z'{F)\Z'{k) C*, 

then the subspace of functions in Adis.j{G') (resp., Acusp,j{G'))^ which have this given central character 
w, decomposes as a direct Hilbert sum, the sum ranging over all (equivalence classes) of square-integrable 
(resp., cuspidal), irreducible automorphic representations with central character w, which are annihilated by 
some power of J: 



(7.10) ^d..,j(G',w)-0 n', 

11' square-mt. 

resp., 

(7.11) A„sp.j(G',c.) = n'. 

^-'^ n cuspidal. 
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Once more, these spaces define in a natural way (gj^, A'^)-modules and if i?^ is a highest weight represen- 
tation of G'^, we define 

(7.12) Hl^JG'^E^) := m{Q'^,K'^,AdrsMG',Lo)®E^) 

(7.13) = H^{q'^,K'^,W^®E^)®^ 

n' squarc-int. 

and 

(7.14) Hl^svAG'^E^) := if^(fl'^, J^, An.p, j(G', c.) ® iJ^) 

(7.15) ^ m{Q'^,K'^,n'^®E^)®n'f. 

n' cuspidal 

Both spaces are G"(A/)-inodules and their decompositions are inherited by (|7.10p . resp., (jT.lip . 

By Thm. 17.61 it is justified to talk about the image of all cohomology spaces constructed in Section 17.31 
and 17.41 in H'^{Sg' Let us denote these various images by overlining In particular, this applies 

to H^,^,^{G',E^) and H%^{G',E^) (resp., m^,^^^{G' , E^) and H%^ JG',E^)), so, e.g., ln^H^,^,^{G' , E^) 
^cuspiG' , E^). Then Cor. 1 7. 71 implies the following proposition, which describes the interplay between interior 
cohomology and the various cohomology spaces constructed in this section. 

Proposition 7.16. There is the following commutative diagram of G' {Kf) -modules. 

HLspiG', E^) muspiG', E^r ^ HfiSc , H%^{G' , E,) 



HluspAG'. E,) HluspAG', E,r H%sAG', E,) 

7.5. Three results in the split case. Having made some preparatory work in Sections 17. 1H7. 41 let us now 

recall one of the main results in Section 3 of Clozel j^: 

Theorem 7.17 ([8J, Thm. 3.13). Let 11 — lioo ® By 6 S!{G) he regular algebraic and cuspidal. Then for 
all (7 G Aut(C), "^By is the finite part of a regular algebraic, cuspidal representation S G &{G) such that 

We may reformulate Thm. 17.171 within the setup developed in Sections 17.2117.41 applied to the special case 
D = F, i.e., G' = G. As B is regular algebraic and cuspidal, Boo is cohomological with respect to some 
highest weight representation E'^t of Goo, cf- Thm. 15751 Therefore, by (|7.15p . B/ appears as an irreducible 
subspace of H^^^p u){G, E^) for some degree q and uj being the central character of B (where we can assume 
without loss of generality that ojIr^ = 1). Bence, by Prop. B/ is even an irreducible submodule of 

E^cuspiG, E^). In view of the decomposition of the cohomology of Sq^ cf. Cor. 17. 71 one may hence reformulate 
Thm. FTTTl as follows: 

For any highest weight representation E^ and any automorphism a G Aut(C), the summand _ff^g,-^(G, E^) 
of Ef^lScSfj,), being cuspidal cohomology, is mapped by a* (cf. |7.^p isomorphically onto the summand 
Hl^^iG,^E^) ofm{SG,^£^) 

It is now clear why the following theorem of Franke is a generalization of Thm. 17.171 

Theorem 7.18 f|ll|. Thm. 20). Let E^^ he a highest weight representation of Goo o-nd a G Aut(C) an auto- 
morphism. For each associate class of parabolic F-subgroups {P} the summand H'^p-^iG ^ E ^) of H''{SG,£fj.), 
is mapped by a* isomorphically onto the corresponding summand H'^p^{G^'^Efj) of H'^{Sg,''£)i)- In other 
words, a* respects the decomposition of sheaf cohomology along associate classes of parabolic F-subgroups. 



This latter theorem was refined further by Franke-Schwermer in [12) : 
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Theorem 7.19 ('|12|. Thm. 4.3). Let E^^ he a highest weight representation of Goo o,nd a G Aut(C) an 
automorphism. For each associate class of parabolic F-subgroups {P}, and each associate class of cuspidal 
automorphic representations ipp, the summand H'^py ^^{G,E^) of H'^{SG,£fi), is mapped by a* isomorphi- 
cally onto the summand H'^p^ (G, '^E'^) of H'^^Sc'^Sfi) for a unique associate class 'Vp- 

We devote the next two subsections to showing certain generalizations of the above theorems to G'. 

7.6. A generalization of Theorems 17.171 17.181 and 17.191 

Proposition 7.20. Let 11' G S>{G') be cuspidal and cohomological with respect to a highest weight represen- 
tation Efj^. Then for all a G Aut(C), '^Il'y is the finite part of a discrete series representation S' G 2!{G'), 
which is cohomological with respect to '^E^^ . If E^^ is regular, then S' is cuspidal. 

Proof. By assumption H'^ is cohomological with respect to the highest weight representation E^. In par- 
ticular, by [7J, I, Thm. 5.3. (ii), the central character wn'^ of 11'^ and the central character of EJ^ coincide. 
Therefore, we may henceforth assume without loss of generality that the central characters of 11'^ and E"^ 
are both trivial on R+. 

To proceed, let 6 be a degree in which the (g^, i^^)-cohomology of i?^ does not vanish. Then 
H''{q'^, K'^, (E) E^) is a non-trivial, but finite-dimensional C-vector space on which G'{Af) acts trivially. 
We may therefore embed 

n'/^ — - (fl'oo ,K'^,ii'^<EE^)®n'f. 

According to (|7.15p . this implies that Ily appears as an irreducible G"(A/)-submodule in H^^^^ ^{G' , Ef^), 
with uj the central character of H'. So, by Prop. [733 we may view H'^ as an irreducible G'(A/)-submodule of 
H^{Sg-,£p)- Recall from (173)1 that for each a G Aut(C) there is a (T- linear, G'(Ay)-equivariant isomorphism 

at ■.Ht{SG',£t.)-^Ht{SG',^£^.). 
Hence, °TI^ appears as an irreducible submodule of HI'{Sg' j'^Sfi) and using Prop. 17.161 again, even as an 
irreducible submodule of H^^^{G' ,'^E^). By (j7.10p . there must hence be a discrete series representation 
S' G &{G'), such that "E!^ is cohomological with respect to "^E^ and = "^n^-. This proves the first claim. 

For the second claim, assume £'^t to be regular. Then '^E^ is regular, too. It is well-known that under 
these conditions each local archimcdcan component of 'E!^ must be essentially tempered. This follows from 
the Vogan-Zuckerman's condition [40^ (5.1), p. 73, (which is (|4.8p here) together with the last paragraph on 
p. 58, ibidem; see also Li-Schwermer [H], Prop. 4.2, or Franke [IT], p. 258. Now, Wallach Thm. 4.3, 
shows that S' is cuspidal. □ 

Remark 7.21. As it is obvious from the proof of Prop. 17.201 S' will also be cuspidal under the weaker 
condition that E^ only admits essentially tempered irreducible admissible representations of G'^ , which have 
non-vanishing (g'^^, _ftr^)-cohomology twisted by E"^. For an example of a non-regular coefficient module 
E^, which has this property, see Grobner [T^, Prop. 3.5. 

Theorem 7.22. Let E^^ be a regular highest weight representation of G'^^ o,nd let a G Aut(C). For each as- 
sociate class of parabolic F-subgroups {P'}, and each associate class of cuspidal automorphic representations 
^PP', the summand H^p,~y ^ ^{G',E^) of H'^{Sg' ,£fj.), is mapped by a* isomorphically onto the summand 
^{P'} "v /(^''"^^p) of H'^{Sg' j'^Sf.i) for a unique associate class '^^ppi: 

Assuming H'^p,-^ ^ ^{G',E^) ^ and letting {P'} be represented by the parabolic F-subgroup P' with Levi 
factor L' and Lppi be represented by the cuspidal automorphic representation 11' of L'{A), then II' <E) pp' is 
cohomological. The a -twist of its finite part Il'y O pp^ is the finite part of a representation S' of L'(A), 
which is indeed cuspidal and the associate class "^tpp' is uniquely determined by being represented by the 
representation S' (g) Pp}. 
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Proof. Recall that G" = GLJ„ for some m > 1. Let {P'} be the associate class of the parabolic F-subgroup 
P' with Levi factor L' — Y['i=i ; SI=i 'Tfii = m, and if pi be represented by the cuspidal automorphic 

representation E' of L'{A). Assume that H^^piT^ ^ 7^ 0. 

If r — 1, i.e., P' — G', each associate class (pc of cuspidal automorphic representations is a single- 
ton consisting of an equivalence class of a cuspidal automorphic representation H' of G'(A). Hence, if 
^{G'} LP I (^'' -^m) ^ then all its irreducible G'(A/)-subquotients are in fact irreducible subrepresentations 
isomorphic to the finite part of the cohomological, cuspidal automorphic representation H', cf. Section 17.41 
So (J* maps such a G'(A/)-subquotient onto the G'(A/)-representation "^H^. According to Prop. [7201 "^n^ 
is the finite part of a discrete series representation S' which has non-zero cohomology with respect to ''E^J_. 
As is regular. S' is cuspidal by Prop. [7^01 and the assertion of the theorem follows in this case. 

Now, let r 7^ 1, i.e., P' ^ G' . By the very construction of the space Aj ^{pi}^ipp,{G'), cf. Section[3l and 
the regularity of i?^, there is an isomorphism of G'(A/)-modules 

H'i{Q'^,K'^MA%[%n'®S{4,^c)]®E^) ^ Hlp,^^^JG',E,,), 

where H' is as in Section |3] and S{ap, j-.) is the algebra of differential operators on the finite-dimensional 
complex space Op, ^ of variables of the Eisenstein series attached to fl'. All relevant details concerning this 
construction are contained in Franke-Schwermer [12 1 1.2-1.4, 3.3 to which we refer. The existence of the 
above isomorphism is proved in Franke [llj Thm. 19 II. Let be the reductive Lie algebra obtained 
from by quotienting out the diagonally embedded commutative Lie algebra Op, ^ and K'j^, ^ be the 
intersection K'^ D L'^. Then, in pTj, pp. 256-257, it is shown that as a G'(A/)-module, 

(7.23) m{Q'^,K'^M4'S^^'®S{a%^c)]®E,) - 

H''-\m'^,K'L,^^,n'^®E^^,^,J®n'f\ , 

where E^^^^i^ is a uniquely determined highest weight representation of m'^ and / is a certain shift in 
degrees. In fact, E^^^m'^ is the restriction of the irreducible Lj^-representation E^^ of highest weight 
jiw = w{fi + p) ^ p, w being a uniquely determined Kostant representative in , cf. Borel-Wallach [7] 
III 1.4 and III 3.3 for a definition of and the uniqueness of w. Then, the shift in degrees I equals the 
length l{w) of w, see again [7| III 3.3. On the other hand, directly by [7], III Thm. 3.3, one obtains that 

(7.24) H^g'^,K'^,hid%[^^[Tl']®E^) - 

b 

H-{m'^,K'i^,^^,&^®Ef,^^m'J®f\a%^c»^ , 

revealing (|7.23p as a direct summand in (|7.24p attached to 6 = 0. As a consequence, there is also a surjective 
G'(A^)-module homomorphism 

(7.25) F«(0'^,i^-,lnd^;;*][n'] ® i?^) ^ Hlp,^^^^_{G',E,). 

Now, invoking [7\ III 3.4.(5) and III 3.4.(14), we see that H"^-^ {l'^, K'^, ^^,n'^ ® pp^ E^,J ^ 0, where 
Pp'^ is the archimedean component of the character pp' — pp^ (E> pp'^, which is defined as usual via the 
Harish-Chandra homomorphism. Observe that the group K'j^, ^ is in general neither connected nor contains 
the full connected component Z'£, ^ of the center of L'^. However, a short moment of thought, using [7\ 
I 5.1 and Thm. I 5.3, shows that H'^^ (g) pp^ is really cohomological in our sense, made precise in Sect. 
12.41 with respect to the irreducible, algebraic representation of L'^. One may check that being 
regular implies that also i?^^ is regular. Therefore, we may apply Prop. [7^01 to the cuspidal automorphic 
representation H'(g)pp' and obtain a cuspidal automorphic representation S' of L'(A) with the property that 



T jG'lA^ 

indp,(A; 



Ind' 



G'(A/) 



a-\-b—a — l 
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= '^Il'j ® '^ppy By Strong Multiplicity One and Multiplicity One for discrete series representations of 
i'(A), we obtain furthermore that 



)° E' 

,00/ 1 00 



for all degrees b. From this one may also derive that 

(7.26) H\i'^,{K^,^^)°,n'^<» pp^® E^J ^ H''{C{K'^,^^r,E'^<E>-E^J 

holds for all degrees b. Keeping this in mind, we let dp'Sc ■= P' {F)\G' {A) / K'^. It is known that 



_wGWP' 

"°Ind" denoting un-normalized or algebraic induction, cf. [33], 7.1-7.2. This isomorphism allows one to 
define the G'{Af)- submodule 



H^usp{9p'SG',£f^) °Ind^°|pr)^^p, 



^H'^-^(^Hl'^,K^,^^,^'^®E,J^<P'j 
the second sum ranging over all equivalence classes of cuspidal automorphic representations $' of L'( 



which satisfy w^'^l^'o 



UJr 



It is an easy observation that the kernel of the surjective map 



'^o{PL>) ^o{G'oo) is equal to the image of K'j^, ooH-^'l' oo)° i'^ ""ol^c^)- Hence, one may rewrite the above 
by 

@H'^-'^-H^^,K'^,^^^^'^®pp^®E,J®^'j 

where the $' now range over all equivalence classes of cuspidal automorphic representations of L'(A) which 
satisfy the modified condition oj^'^\z'°^ — {yJE^^ ' Ppl) ^'^^ ^^^^ corresponding, uniquely deter- 

mined Kostant representative w G . In particular, by what we said above, ^^(gj^, if^, Indp,|^j [n']ig)£'^) 
is a G"(A/)-submodule of H^^^p{dp'SG',Sti) and hence of the sheaf cohomology H'^{dp' Sc Whence, it 
makes sense to apply a* to the latter (gj^, i4r^)-cohomology space. Choosing °'ipp' to be the associate class 
which is represented by S' (g) pp, , we obtain the following diagram 



-)H 



■H^{aL,K'^Md%\l>[u']®E, 



Equation (j7.26p together with Strong Multiplicity One and Multiplicity One for discrete series represen- 
tations of L'{A) finally show that the restriction of a* : H'^{dp'SG',£f_i) ~^ H'^{dp>SG','^£fj.) to the space 
(g'oQ , iC^^ , Indp, [n'] (g) E'^) provides us with a commutative diagram 



m{3'^,K'Z,Ind%['^JU']®E^) 



miSG',^£^)' 

This settles the case r ^ 1 and hence the theorem 



□ 
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7.7. A complementary view on Thm. 17.171 Let now H' G Si{G') be regular algebraic and assume that 
its global Jacquet-Langlands transfer JLiJl') is cuspidal - the standard assumption we had to make in Section 
ini in order to obtain proper generalizations of the various theorems on regular algebraic representations in 
the split case. The next theorem is complementary to Thm. 17.221 and shows that for any automorphism 
(J e Aut(C), the G"(A/)-equivariant isomorphism a* respects these properties. Hence, it may also be seen 
as another generalization of Thm. 17.171 

Theorem 7.27. Let 11' £ S!{G') he regular algebraic and assume that JL(n') is cuspidal. Then for all 
a £ Aut(C), '^n^ is the finite part of a cuspidal representation S' £ &[G') which is regular algebraic and 
JL{E!) is cuspidal. 

Proof. Let H' = li'^ £ 2l{G') be as in the statement of the theorem. By Thm. 16.91 we know that 
n'g^ is cohomological and by Cor. 15.51 that H' is cuspidal. Hence, by Prop. 17.201 there is a discrete series 
representation S' of G"(A), which satisfies = "^li'^ and has non-vanishing (g'^^, if^)-cohomology with 
respect to "E^. So we can finish the proof by showing that JL{E') is regular algebraic and cuspidal. 

In order to do so, recall from Thm. 17.171 that °'JL(n')f is the finite part of a regular algebraic, cuspidal 
representation S of G(A). Now we observe that at all split places v £ Vf 

JL{E% - = C^H')„ - '^(H^) - '^Ji(H')„ ^ S,. 

Therefore, the discrete series representation JL(S') and the cuspidal representation S are isomorphic almost 
everywhere, and hence by the Strong Multiplicity One Theorem and the Multiplicity One Theorem for 
discrete series representations of G(A), 

JL(S') = S. 

In particular, JL{E!) is cuspidal and regular algebraic, whence so is S'. □ 
Remark 7.28. Our Thm. Vm\ is also a proper generalization of Waldspurger's Thm. II. 3. 2 in |41) . 



8. Results on rationality fields 

8.1. The next theorem generalizes a result which is well-known in the split case (cf., e.g., Shimura |35| . 
Harder [B] p.80, Waldspurger gT], Cor. 1.8.3 and first line of p. 153, and Clozel 0). 

Theorem 8.1. Let H' £ S!{G') he regular algebraic and assume that JLijV) is cuspidal. Then Q(H^) is a 
number field. 

Proof. Let H' be regular algebraic and assume that JL{Jl') is cuspidal. By Thm. [7?7l for any automorphism 
a £ Aut(C), "^H^ is the finite part of a cuspidal automorphic representation S' which has non-vanishing 
cohomology with respect to "^E^. Using Prop. we hence obtain inclusions 

°"Hy '-^ B:^^^p{G' ,'^E^), 

for all (T £ Aut(C). Take an open, compact subgroup K'j of G'{Af) which is small enough such that H^ ^ 0. 

Then for each a, i?«„^p(G", '^£',J^/ is finite-dimensional. Therefore, |Aut(C)/6(H'^.)| is finite. By dH], V 
Lem. 2.9, |Aut(C)/6(H'^)l is an upper bound for dimQ(Q(H'^)) = [Q(H'^) : Q]. So, Q(n^) is a number 
field. □ 

8.2. Let us also discuss how the local rationality fields Q(n^), v £ Vf, and Q(Hj) are connected to each 
other. 

Proposition 8.2. Let H' £ &{G') be regular algebraic and assume that JL(H') is cuspidal. Then Q(H^) 
is the compositum of the fields Q(H^), v £ Vf ~ S , S (Z Vf an arbitrary finite subset containing all non- 
archimedean places where H^ ramifies. 
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The proof of Prop. [8T2] requires a few preparatory lemmas. Let v (£ Vj he a split, non-archimedean place. 
So G'^ = Gy = GL„{Fy) and let tUy be an uniformizer for the maximal ideal of the ring of integers Oy of Fy. 
If n„ is an unramified, irreducible admissible representation of G'y, then it is well-known that 

ny=lnd%l[Xi^...(E>Xn], 
for some unramified characters Xj ■ F* ^ C* and By being the Borel subgroup of Gy. We put 

n' 

with I • |„ being the normalized absolute value on Fy. Furthermore, for any automorphism a £ Aut(C) denote 

by 

idet^iy^ 

a(ldet'iy') 

Then e^^y is a quadratic character, because by the very definition | • |^ takes values in the rational numbers, 
whence | det' \y — a{\ det' \y) for any automorphism a £ Aut(C). As a last ingredient, recall the elementary 
symmetric polynomials /i, ....,fm cf., e.g., |19| Appendix to Chp. V: 

(^1 1 ■ • ■ ! -^n) — ^ ^ ^ii^i2 •• --^ij • 

l<ii<...<ij<n 

The next lemma is a generalization of Waldspurger [41], Lem. 1.2.3. 

Lemma 8.3. Let v Cz Vf be a split, non-archimedean place and Ily an unramified, irreducible admissible 
representation of G'^ — Gy — GLn{Fy). Then 



Q(n.) = Q (/i(af " , aj?"), /„(af" , a5 )) . 



Proof. 

cre6(n^) ^ '^ny=Tiy 

^ '^nA%l [xi «> - ® Xn] = Ind|3 [xi « ... X«] 

n , ^ , . Ind|;: rxi<;' ® ... ® "XnCTy^] = Ind|3 [xi ® ... (8) X„] 

181 . Lcm. 3.5. (u) 

<^ {''Xie^,;\ "XnCTy^} = {Xi, Xn] 

<^ (7 e Aut (^Cy/Q 1^/1(0!^", a""), ...,/„(«"",..., a"" )^ 

Taking fixed fields proves the lemma. □ 

Lemma 8.4. Let v £ Vf be a split, non-archimedean place and Ily an unramified, irreducible admissible 
representation of G'^ = Gy — GLn{Fy). Assume that (Q)(n^) is a number field. Then for any finite Galois 
extensionWy ofQ, containing <Q{Ily) , 

Gal(F„/Q(n„)) ^{(7 e Gal{Wy/Q)fUy = Uy for all lifts a e Aut(C)}. 

Moreover, the restriction map Aut(C) — > Gal(F„/Q), sending r to t\y^, maps 6(11^) onto Gal{Fy/Q{Ily)). 

Proof By Lem. \EM 

'^Uy = n,„ ^ (T /j (af a"" )^ = ...,a"") VI < j < n. 

But since /_;(af", an") £ Qin^,) C F„ for all 1 < j < n, we obtain 

Gal(F^,/Q(n„)) = {a e Gal(F„/Q)|*n„ = n„ for aU lifts a G Aut(C)}. 
The last assertion is obvious. □ 
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Lemma 8.5. Let II' G S>{G') he regular algebraic and assume that JLili') is cuspidal and let S d Vf be an 
arbitrary finite set containing all non-archimedean places where 11^ ramifies. Denote by E the compositum of 
the fields v €Vf — S. Then for any finite Galois extension F of Q, containing Q(ny), the restriction 

map rp : Aut(C) Gal(F/Q), sending r to t|f, maps ©(IIj) onto Gal(F/E). 

Proof. Recall from Thm. I5TT] that under the present assumptions 52(11^) is a number field. So it makes sense 
to talk about a finite Galois extension F of Q, containing Q(n'^). We get 

Gal(F/E) = fl Gal(F/Q(n;)) 

{cr G Gal(F/Q)|*n; = n; for all lifts a e Aut(C)} 
""'"■■^ veVf-s 

Pi {cr e Gal(F/(Q)|*n; = n; for all lifts e Aut(C)}, 

v£Vf 

where the last line uses Thm. 17.271 and Strong Multiplicity One for discrete series representations of G"(A). 
Therefore, we get even more that 

Gal(F/E) = {(T e Gal{¥/Q)fll'f = U'f for ah lifts a e Aut(C)} 

which is obviously the image of ©(IIj) under rp. □ 

We may now give the 

Proof of Prop. 1 8. 2[ Let H' be regular algebraic and assume that JL (11') is cuspidal. Let E be the compositum 
of the fields Q{Tl'^), veVf-S. By Thm.O Q(n}) is a number field. Let F be the Galois closure of Q(n^). 
This is a finite Galois extension of Q. We get 

Q(n'^) = {zec\ a{z) = z We 6(n'^)} 

{z e F| a{z) ^z VcT e rw{&{n'f ))} 
{z e¥\ a{z) = z Vct e Gal(F/E)} 

Lem. 18.51 

E. 

□ 

Theorem 8.6. Let H' £ ^(G") be regular algebraic and assume that JL(n') is cuspidal. Let be a 
highest weight representation of G'^ with respect to which is cohomological. Then is defined over the 
composite field Q(n') = (Q)(/i)Q(n^). In particular, is defined over a number field. 

Proof. By assumption Yi'^ is cohomological with respect to the highest weight representation E^. In par- 
ticular, by [7], I, Thm. 5.3. (ii), the central character wn'^ of li'^ and the central character of E^^ coincide. 
Therefore, ijJw^ is defined over the number field cf. Lem. FtTTI and we may henceforth assume without 

loss of generality that the central character of H'^ and of E^ is trivial on R+. 

To proceed, let h be the minimal degree in which the (g^, iir^)-cohomology of li'^ ® E^ does not vanish 
and let r be the number of split real places. The group K'^/K'^ = (Z/2Z)'' acts on the cohomology 
H''{q'^,K'^,II'^ (g) E^). As in P], 3.3, or [23, 3.1.2, we may pick an e e {K'^/K'^)* such that its 
isotypic component H^{g'^, K'^, 11'^ (E> E^)[e] becomes one-dimensional. As in the proof of Prop. 17.201 we 
may view as an irreducible G'(A/)-submodule of HI'{Sg' , £^i)[£] - the e-isotypic component of interior 
cohomology in degree b. Let S* C V/ be a finite set of places, such that H'^ is unramified outside S and put 
K's ■■= Uv^s and G'(As) := Uv^s GLn{F„). For any subfield F C C let 
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be the X^-leveled Hecke algebra of F-valued functions. Hence, H!'{Sg', is a H{K'g, C)-module and 

by what we just said, together with Strong Multiphcity One and MultipUcity One for discrete series represen- 
tations of G'(A), n^^^ appears precisely once as a submodule in i/,''(S'G",fp)[e]^s. In Lem. 17.31 we have es- 
tablished a Q(/i)-structure Hf'{SG' , Sfi.qip)) on interior cohomology. Letting Q(n') = Q(/i)Q(nj) be the com- 
positum of the rationality fields of and 11^, we obtain a Q(n')-structure HI'{Sg' , £fi,Q{n')) and hence also 

a Q(n')-structure HI'{Sg' ,£^,,q{^'))M■ We now claim that the Q(n'))-module fff(S'G',f,,,Q(n'))W^^ 

splits as a direct sum 

where Wu'^ ®Q(n') C = n'/^'^ a ^(if^, C)-module. This may be seen as follows: The Hecke algebra 
'H{K'g, C) decomposes as a restricted tensor product 

H{K's,<C)=^^^n{K,<C), 

K'y — GLn{Ov), of local Hecke algebras 'H{K'^, C) := C^{GLn{Fy)//K'^,C), each of which is spanned by the 
Hecke operators Tyj, 1 < i < 't-, represented by the diagonal matrix T„j — diag(n7^, . . . , my, 1, . . . , 1) having 
exactly j-times -cuy on the main diagonal. On a normalized spherical vector of H^, w ^ 5, Tyj operates by 

multiplication by the scalar , aj?"), cf. Sect. Therefore, the functional 

determined by the local conditions 

An'^,s(71)j) = •■•,""") 

defines an eigenfunction for the action of 'H{Kg,C) on iJ?(5G',f^,)[e]^s. Recalling from Lem. [8731 that 
Q(H^) = Q , an"), /^(aj^" , a^^fj and from Prop. [5?^ that Q(H^) is the compositum of the 

fields Q{U'J, V ^ S,we obtain that 

i?f(5G',f^,Q(n'))[e]'^^ = Wn'^(BW', 
where Wu'^ is the eigenspace of An'^.,s- But this implies by the one-dimensionality of H^{g'^, K'^, Ii'^®E^)\e] 
that Wji'^ ®Q(n') C ^ n'/'^ as a C)-module, which shows the above claim. 

Now, let Vji' be the (Q)(H')-span of the G"(A/)-orbit of Wyi> inside the G"(A/)-module H^{Sg' ,£q(w)M- 
In other words^ if H(G"(A/), Q(H')) := C;?°(G"(A/), Q(H')), then 

Fn'^ =7^(G'(A/),Q(H'))-Wn'^. 
We can finish the proof of the first assertion of theorem, if we show that the natural map 

Vn'^ «)Q(n') C H^ 
is an isomorphism. Injectivity follows from the following consideration: 

= ■H{G'{Af),C) ■ (n'f^^ 

- ?^(G'(A/),C)-(w^n^«.Q(n')C) 

D (h(G'(A/),Q(H')) ■ W^n^) ®Q(n') C 
= Vw^ «)Q(n') C; 

while surjectivity is a consequence of the irreducibility of Hj. Hence, Vw '8'Q(n') C = H^. 
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Recalling Lem. FTTl and Thin. [87T] shows that Q(n') is a number field. Hence, also the second assertion of 
the theorem follows and the proof is complete. □ 

Finally, let us investigate the interplay between rationality fields and the global Jacquet-Langlands trans- 
fer. Doing so, we get the following Proposition. 

Proposition 8.7. Let H' G S>{G') he regular algebraic and assume that JLiJl') is cuspidal. Then 

QiU'f) = Q(JL(n')/). 

Proof. Let H' be regular algebraic such that Ji(n') is cuspidal. Let S be the finite set of non-archimedean 
places V &Vf where ramifies. By Cor. l5.5L Q(n^) = Q{JL{U')y) for all v eVf - S. The proposition now 
follows from Prop. 18.21 □ 

Remark 8.8. Prop. lSTTl re-proves Thm. lBTTI using the fact that - under the present assumptions - Q(JL(nj)) 
is a number field. (The latter is implicit in Clozel [8J, Thm. 3.13.) 

8.3. The results of this paper suggest the following 

Scholion. Assuming the cuspidality of JLili') - and not of TV itself - is the appropriate setup to generalize 
.statements on the arithmetic properties of cuspidal automorphic representations from GLn/ F to its inner 
forms GL'JF. 

This scholion is in accordance with the results of Waldspurger in the case m = 1 and d = 2, [41J: His 
space "^oCi)" consists of cohomological cuspidal automorphic representations H' of GL[{A), which are not 
characters. But for GLi over a quaternion division algebra, the latter condition is equivalent to lifting to a 
cuspidal automorphic representation Ji(H') of (A). 

In view of this Scholion we may generalize Clozel's Conjectures 3.7 and 3.8] as: 

Conjecture 8.9. Let H' e &{G') such that JL(H') is cuspidal. Then the following are equivalent: 

(i) H^ is defined over a number field. 

(ii) H' is algebraic. 
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